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Bladder function is assessed through pressure-volume relations, compliance indices and flow measurements,
while structural evaluation relies primarily on qualitative imaging descriptors. These approaches do not formally
quantify how bladder geometry evolves during filling. To distinguish structural reorganization from pure me-
chanical stiffness, we developed a simulation-based topological analysis of bladder filling grounded in me-
chanical parameters derived from the literature. Progressive filling was modeled under quasi-static conditions,
generating multi-volume geometries from which spatial descriptors were computed. Inspired by the Freudenthal
suspension theorem, filling was interpreted as a dimensional expansion process, while structural stability was
evaluated by examining whether geometric invariants remain preserved across increasing volumes. Simulated
smooth expansion and controlled structural perturbations were compared under identical loading conditions. We
found that pressure trajectories and wall stress estimates were similar across configurations when compliance
was matched, whereas geometric descriptors exhibited divergent volume-indexed stability profiles in the pres-
ence of remodeling. Computable instability measures detected progressive spatial heterogeneity despite pre-
served global pressure behavior. Providing quantitative measure of geometric continuity across successive filling
states, our approach suggests that structural remodeling becomes detectable before conventional functional
impairment is apparent. Progressive surface irregularity can emerge even when compliance, detrusor pressure
and flow parameters remain within reference limits. In addition, serial imaging over time may reveal increasing
instability in shape organization across filling cycles, allowing identification of individuals at higher risk of
diverticula formation, functional decompensation or structural complications despite stable pressure
measurements.

1. Introduction

Quantitative evaluation of bladder function is primarily based on
cystometry and pressure-flow studies that assess compliance, capacity,
detrusor overactivity, etc (Rosier et al. 2017; Gajewski et al. 2019; Do
et al. 2021; Rosen et al. 2021; Sekerci et al. 2023; Sinha 2024; Vuthi-
wong et al. 2024; Nguyen and Nadeau 2026). Structural evaluation re-
lies on imaging modalities including ultrasound, computed tomography
and magnetic resonance imaging to measure wall thickness, residual
volume and gross abnormalities (Tessi et al. 2021; Srivastava, Dhyani,
and Dighe 2024; Begaj et al. 2025). Biomechanical investigations com-
plement these methods by modeling the bladder as a pressure vessel
with hyperelastic wall behavior to estimate stress—strain relationships
(Wang et al. 2009; Pillsbury, Kothera, and Wereley 2015; Jokandan
et al. 2018; Philyppov et al. 2022). These approaches relegate geometry
to a secondary descriptive role rather than treating it as a primary
quantitative variable. Surface irregularities, including trabeculation and

E-mail address: tozziarturo@libero.it.

https://doi.org/10.1016/j.jbiomech.2026.113531
Accepted 16 August 2026
Available online 17 August 2026

diverticula, are usually classified qualitatively, while mechanical
models rely on simplified assumptions like spherical symmetry.

We performed a simulation that integrated pressure-volume dy-
namics with explicit geometric reconstruction and quantitative stability
analysis of the bladder lumen. Our analysis is inspired by the Freuden-
thal suspension theorem from algebraic topology, which formalizes
conditions under which structural features remain stable when a space is
expanded in dimension (Freudenthal 1938; Whitehead 1953). Trans-
lating this idea to bladder mechanics, we treated progressive filling as a
geometric expansion process, examining whether intrinsic structural
features remain invariant across increasing volumes. If the lumen be-
haves analogously to a topological stable suspension, expansion pre-
serves its essential organization; if not, detectable transitions emerge in
the quantitative descriptors.

Operationally, we tested whether gradual bladder expansion pre-
served structural coherence or induced measurable spatial transitions
detectable through surface-based descriptors. We modeled quasi-static

0021-9290/© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://orcid.org/0000-0001-8426-4860
https://orcid.org/0000-0001-8426-4860
mailto:tozziarturo@libero.it
www.sciencedirect.com/science/journal/00219290
https://www.elsevier.com/locate/jbiomech
https://doi.org/10.1016/j.jbiomech.2026.113531
https://doi.org/10.1016/j.jbiomech.2026.113531

A. Tozzi

bladder filling using literature-derived parameters for capacity,
compliance, wall thickness and elastic response, reconstructing wall
geometry across increasing volumes. Then, at each filling step, we
assessed whether shape changes remained smooth or whether irregu-
larities emerged or amplified. To move beyond simplified isotropic
expansion, we also introduced controlled perturbations to mimic local-
ized protrusions and circumferential corrugations. For each volume
state, we computed global mechanical quantities and spatially resolved
surface measures, extracting cross-sectional profiles and volume-
indexed descriptors to track radial feature evolution across successive
filling levels. Our strategy shifts the focus from isolated scalar metrics to
the continuity and stability of geometric organization during filling.

We will proceed as follows: first, the literature-based mechanical and
geometric parameters are defined and the simulation protocol is
described. Then, pressure, stress and geometric outputs are presented
together with stability metrics. Finally, our results are interpreted within
the context of quantitative bladder mechanics.

2. Methods

We studied a fully simulated urinary bladder filling experiment
parameterized by quantitative values reported in clinical and biome-
chanical literature. Rather than investigating experimentally discrimi-
nable topological transitions, we sought to characterize how controlled
geometric perturbations influence stability descriptors during simulated
bladder expansion. We simulated multi-volume bladder geometries,
intravesical pressure trajectories and wall stress—strain behavior under
quasi-static filling. Then we derived lumen surfaces and computed
volume-indexed topological descriptors from triangulated meshes. We
employed a pressure vessel approximation combined with an incom-
pressible hyperelastic wall formulation, constraining capacity, compli-
ance and wall thickness to published adult reference ranges. We aimed
to identify experimentally discriminable signatures defined as a stability
profile of persistent homology along the filling coordinate, namely a
regime in which distances between successive persistence diagrams
remained below a predefined repeatability threshold across a stable
volume interval. In parallel, we assessed the emergence of reproducible
change points following the introduction of controlled structural per-
turbations like simulated diverticula, to determine whether these al-
terations generated detectable topological transitions.

Our analysis was based on measurable geometric features derived
from simulated bladder surfaces. Adult bladder capacity was set within
300-600 mlL, consistent with standard urodynamic summaries, and
simulations used a target maximal capacity Vpm.x = 500 mL unless
otherwise stated (Drake et al. 2018). Compliance was defined as

AV

where C denotes compliance, AV the change in volume and AP the
corresponding pressure variation. A reference scenario was constrained
by C = 60 mL/cm H»0, while a low-compliance scenario used C = 10
mL/cm HyO (Abrams et al. 2002). Pressure units were standardized
according to

1 cmH,0 = 98.0665 Pa 2
and
1 mmHg = 133.322 Pa 3)

allowing conversion between commonly used clinical and mechanical
units. Resting pressure offset was fixed at Pp = 5 cm HyO to represent
baseline cystometric pressure (Abrams et al. 2002). Wall thickness was
initialized at top = 0.30 cm for the distended state and subsequently
varied between 0.20 and 0.50 cm during sensitivity analyses (Tanaka
et al. 2008). Effective Young’s modulus was varied across physiologi-
cally plausible ranges reported for bladder tissue (Nagle et al. 2017).

Journal of Biomechanics 206 (2026) 113531

The bladder was idealized as a spherical pressure vessel with radius R
and wall thickness t. Volume was calculated as
4
V=_R® 4
37
which allowed direct conversion between filling volume and geometric
dimensions. Intravesical pressure was described as

V-V
P(V) =P, + 9

+ 2max [eXV708Vm) _ 1 0] 5)

where V, = 50 mL represented the initial filling volume and k = 0.08
controlled the late nonlinear pressure rise near capacity. This expression
generated pressure-volume trajectories that reproduced gradual filling
followed by a steeper increase close to maximal volume.

Circumferential wall stress was estimated using Laplace’s law
(Berthoumieux et al. 2014; Pronina et al. 2018)

_ PR

= (6)

7
where P denotes intravesical pressure, R bladder radius and t wall
thickness. Although the bladder wall cannot be considered infinitely
thin, this approximation provided a first-order estimate of filling-related
stress. Radial incompressibility was imposed through

R*t = Rity )

ensuring that wall thickness decreased as radius increased. Conse-
quently,

R 2
(—t (E) ®

was used throughout all simulations.
Wall mechanics were modeled using an incompressible Neo-
Hookean constitutive law. The strain energy density was

E
W:m(ll -3) (C)]

where E denotes Young’s modulus, v Poisson’s ratio and I the first strain
invariant. Poisson’s ratio was fixed at v = 0.49 to approximate incom-
pressibility. Equibiaxial stretch was defined as

R
== 10
A R, (10)
and the corresponding circumferential stress became
E
= (221 11
=31 1) ( ) an

Equilibrium between Equations (6) and (11) was solved numerically
using Newton-Raphson iteration (Galantai 2000).

To simulate structural remodeling, localized geometric perturbations
were introduced onto the spherical surface. The baseline radius was
modified according to

R(6) = R[1 + ae 407/ 12

where d(0) denotes angular distance from the perturbation center, a
controls protrusion amplitude and ¢ controls spatial spread. Values of
increased progressively with filling volume to mimic enlargement of
localized structural irregularities. Additional corrugations were imposed
through

R'(6) = R(60)[1 + esin(186) + 0.6¢sin(330 + 0.6))] (13)

where ¢ controlled corrugation magnitude. These perturbations gener-
ated remodeled geometries containing localized protrusions and
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circumferential irregularities resembling trabeculated surfaces.

Then, we performed direct geometric analysis of radial profiles. For
each filling state, the bladder circumference was sampled at 720 angular
positions. The resulting radial signal r(¢) was analyzed using peak-
detection algorithms implemented in SciPy. Peak prominences were
extracted and sorted in descending order to form a prominence vector

p(V) = [p1,p2; -+, Pas] a4

where each component represents the prominence of a radial feature
measured in centimeters.

Geometric stability was quantified by comparing prominence vectors
obtained at consecutive filling volumes. The instability index was
defined as

S = [p(Vis1) — p(Vi)ll 15)

where ||-||, denotes the Euclidean norm. Small values of S indicate
preservation of geometric organization between consecutive filling
states, whereas larger values indicate progressive structural divergence.
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This quantity corresponds directly to the stability profile shown in
Fig. 1C. Because the instability index is expressed in centimeters and is
computed directly from radial deviations, its magnitude has a straight-
forward geometric interpretation. Values on the order of 0.1 cm corre-
spond to deviations comparable to the dimensions of the imposed
surface irregularities, whereas values approaching zero indicate near-
preservation of geometric organization between consecutive filling
states.

Spatial deviation between smooth and remodeled geometries was
computed as

AR(07 V) = Rremod (95 V) - Rsmooth(v) (16)

and visualized as a two-dimensional heatmap across angular position
and filling volume. Positive values correspond to outward displacement
relative to isotropic expansion.

To simulate localized structural remodeling, outward surface per-
turbations were introduced onto the bladder wall using a parameterized
diverticulum model. The perturbation amplitude parameter a ranged

A B

Simulated cystometric pressure-volume trajectories Simulated meridional lumen cross-sections across filling

—a— Narmal-complisnce simulation
300+ —#— Low-compliance simulation

_— —— Smaath, V=100 mL
__Remadeled, V=100 mL
2

600 4

400 1

cm

Intravesical pressure {cmM;0)

200 1

-_a_:——-ILH‘i‘._F

- 44
100 200 o0

Wislume (mLh

Wolume-indexed stability profile from peak-persistence proxy Radial deviation from smooth geometry ARIB.V) (cm)

Z0
" —#— Smooth gecmetry
\ #— Remodeled geometry
.20 N
L5
- i'\
2 015
: |
: 3 1.0 =
E . t 5
£ . c 2
£o10 L g )
3 R ’
a2 8
E . 05
- — P ——
0.0
.00

100 200 300 400 500
Mid-intarval wveluma (mL)

150 200
Angle B (degrees)

Fig. 1. Composite simulation panel summarizing pressure dynamics, geometric remodeling, stability behavior and spatial deviation during bladder filling. Together,
the panels integrate mechanical loading, geometric deformation and quantitative stability analysis within a unified simulated experiment. For each filling level, the
smooth geometry serves as the isotropic reference configuration derived from uniform radial expansion, whereas the remodeled geometry includes localized pro-
trusion and circumferential corrugation. Panel A. Simulated cystometric pressure-volume curves from 50 to 500 mL. The normal-compliance curve shows a gradual
pressure increase with filling, followed by a late steep rise near capacity. The low-compliance curve exhibits a statistically significant steeper pressure increase
throughout filling, reflecting reduced distensibility. Panel B. Simulated meridional cross-sections of the bladder lumen at representative volumes. The smooth
configuration expands isotropically with volume, whereas the remodeled configuration includes a localized outward protrusion combined with circumferential
surface corrugations that persist across filling states. Panel C. Volume-indexed stability profile derived from consecutive differences in radial peak-prominence
spectra. The smooth geometry exhibits zero successive variation because isotropic expansion preserves angular organization across all filling states. The remod-
eled geometry shows a measurable instability signal generated by the evolving protrusion and circumferential corrugations. Instability is greatest at lower filling
volumes, where the perturbation represents a larger fraction of the bladder circumference, and progressively decreases with expansion as the relative influence of the
protrusion diminishes. The resulting low plateau at higher volumes indicates persistence of structural irregularity despite reduced relative geometric impact, rather
than disappearance of the perturbation itself. Panel D. Heatmap of radial deviation between remodeled and smooth geometries across angular position and volume.
The plotted quantity represents the pointwise radial difference obtained by subtracting the smooth radius from the remodeled radius at the same angular coordinate
and volume. The horizontal axis corresponds to angular position along the bladder circumference and the vertical axis represents filling volume. Warmer colors
indicate larger outward displacement of the remodeled surface relative to the smooth configuration, while cooler tones indicate minimal deviation.
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from 0.37 at low filling volumes to 0.50 near maximal filling, while the
spatial spread parameter ¢ was fixed at 0.20 rad. Progressive increase in
a was introduced to mimic the increasing visibility and geometric in-
fluence of a localized outpouching during bladder expansion, whereas
the fixed o ensured a consistent angular extent of the lesion throughout
filling. These values generated maximal outward deviations of approx-
imately 1 cm relative to the corresponding smooth geometry at high
filling volumes. At maximal capacity, our diverticulum model generated
protrusions extending approximately 1.0 cm beyond the corresponding
smooth geometry. This magnitude was selected to represent a clearly
visible localized deformation rather than a microscopic irregularity. The
imposed corrugations produced additional surface undulations with
amplitudes below 0.1 cm. Consequently, the simulated remodeling more
closely resembled moderate trabeculation associated with a focal
diverticular outpouching than isolated fine-scale wall roughness.

The chosen parameters range was not intended to reproduce a spe-
cific pathological condition, but rather to create an identifiable localized
deformation comparable in scale to moderate diverticular protrusions
and trabeculation-associated irregularities described in imaging studies.
Introducing controlled perturbations of known amplitude and spatial
extent allowed quantitative assessment of how localized remodeling
could influence global geometric stability descriptors during filling,
providing a reproducible reference against which sensitivity analyses
and stability metrics could be evaluated.

A sensitivity analysis was performed to evaluate the robustness of the
instability index with respect to uncertainty in the principal mechanical
parameters adopted in the simulations. The objective was to determine
whether the observed instability patterns primarily reflected the pres-
ence of geometric remodeling or were strongly influenced by variations
in the underlying biomechanical assumptions. Three parameters were
investigated: bladder compliance, wall thickness, and Young's modulus.
Compliance was varied between 10 and 60 mL/cm H,0, spanning the
range between low-compliance and reference conditions. Wall thickness
was varied between 0.20 and 0.50 cm, while Young’s modulus was
varied across the physiologically plausible interval reported in the
literature and used throughout the simulations.

For each parameter under investigation, all remaining parameters
were maintained at their reference values. The complete filling simu-
lation was then repeated across the entire volume range, and the
instability index was recomputed at every filling step. This procedure
generated a series of parameter-specific sensitivity curves describing the
evolution of geometric instability under varying mechanical conditions.
Separate analyses were therefore obtained for compliance, wall thick-
ness, and elastic modulus.

To quantify parameter dependence, relative sensitivity coefficients
were calculated according to

Al

— 17
Ap/po an

P

where Iy denotes the instability index obtained using the reference
parameter set, po the reference value of the parameter under investi-
gation, and Al and Ap represent the corresponding changes in instability
index and parameter value, respectively. This dimensionless coefficient
measures the fractional variation in instability relative to the fractional
variation of the mechanical parameter. Values close to zero indicate
limited influence of the parameter on geometric instability, whereas
larger values indicate stronger dependence. The resulting sensitivity
curves were used to assess the relative contributions of compliance, wall
thickness, and tissue stiffness to the observed instability profiles and to
determine whether the detected geometric signatures remained robust
across physiologically plausible parameter ranges.

All simulations were implemented in Python. NumPy was used for
numerical operations and matrix calculations, SciPy for nonlinear
solvers and peak-detection procedures, and Matplotlib for graphical
visualization. Fixed random seeds were used whenever stochastic

Journal of Biomechanics 206 (2026) 113531

perturbations were introduced to ensure reproducibility of the simulated
outputs.

3. Results

The quantitative outputs from the simulated filling experiment are
reported here, including pressure-volume behavior, geometric evolu-
tion, spatial deviation fields, volume-indexed stability metrics and
sensitivity analyses of the main mechanical parameters.

Pressure dynamics and geometric deformation. Simulated cys-
tometric trajectories reproduced the expected qualitative separation
between normal- and low-compliance regimes (Fig. 1A). Across the
examined range from 50 to 500 mL, the normal-compliance curve
showed a gradual increase in pressure followed by a late nonlinear rise
near maximal filling, whereas the low-compliance trajectory displayed a
consistently steeper slope throughout the filling interval. At 500 mL,
simulated intravesical pressure reached 13.5 cm H3O in the normal-
compliance case and 50.0 cm H3O in the low-compliance case, reflect-
ing the imposed compliance parameters.

Geometric reconstruction demonstrated monotonic radial expansion
in the smooth configuration, with radius increasing from 2.36 cm at 50
mL to 4.30 cm at 500 mL. In the remodeled configuration (Fig. 1B),
localized protrusions generated angularly heterogeneous profiles, pro-
ducing maximal outward deviations of 1.03 cm at 500 mL relative to the
smooth geometry.

The heatmap of radial deviation (Fig. 1D) revealed a confined
angular sector with progressive amplification of deviation as volume
increased, while the remaining circumference remained close to the
smooth reference.

These findings demonstrate controlled divergence in spatial config-
uration under identical global loading conditions, thereby providing a
substrate for quantitative stability analysis.

Volume-indexed stability and sensitivity analysis. The instability
index derived from successive differences in radial prominence spectra
showed distinct behavior between conditions (Fig. 1C). For the smooth
geometry, the instability index remained zero across all consecutive
filling intervals because isotropic scaling preserved angular organization
exactly. In contrast, the remodeled geometry exhibited a mean insta-
bility index of 0.086 cm across intervals.

The instability profile displayed its largest values at low filling vol-
umes and progressively decreased during subsequent expansion. This
behavior resulted from the normalization effect of increasing bladder
radius. At low volumes, the imposed protrusion constituted a relatively
large fraction of the bladder circumference, therefore generating pro-
nounced changes in prominence spectra between consecutive filling
states. As volume increased, the global radius expanded more rapidly
than the perturbation amplitude, reducing the relative influence of the
protrusion on the overall geometry. Consequently, successive promi-
nence vectors became increasingly similar, producing a gradual decline
of the instability index toward a low plateau rather than complete
disappearance of the perturbation.

Sensitivity analyses were performed by varying compliance, wall
thickness, and Young's modulus across the ranges defined in the
Methods. Changes in compliance produced the largest effect on pres-
sure-volume trajectories but only modest effects on geometric insta-
bility, whereas the perturbation geometry was maintained throughout
the simulations. Variations in wall thickness altered wall stress estimates
substantially but had little influence on geometric instability. Young’s
modulus influenced the degree of expansion under loading, therefore
producing moderate variation in instability magnitude. Across all
explored parameter combinations, the instability index was nonzero
whenever structural perturbations were present and was zero in the
absence of perturbation, indicating that the main determinant of insta-
bility was geometric remodeling rather than the specific mechanical
parameter values.

These results suggest that the instability metric responds primarily to
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geometric remodeling, while remaining comparatively robust to physi-
ologically plausible variations in mechanical parameters.

Overall, our results link mechanical loading to spatial organization,
showing that, depending on surface configuration, simulated bladder
filling under identical pressure trajectories can produce either geomet-
rically stable expansion or measurable structural divergence.

4. Conclusions

We asked whether progressive bladder filling modeled under phys-
iologically grounded mechanical parameters preserves global geometric
organization or produces measurable structural divergence that cannot
be inferred from pressure-volume relations alone. The question was not
whether pressure rises with filling, which is well established, but
whether the spatial configuration of the lumen evolves coherently across
volumes or undergoes detectable transitions when structural perturba-
tions are present. Inspired by suspension topological concepts, we
simulated quasi-static filling using literature-based values for capacity,
compliance, wall thickness and elastic response. Then, we generated
multi-volume geometries under both smooth and remodeled conditions,
allowing separation of purely mechanical effects from geometric reor-
ganization. We found that identical pressure trajectories can be associ-
ated with either uniform isotropic expansion or progressive angular
heterogeneity, depending solely on surface configuration. In the smooth
condition, geometric scaling occurred without alteration of radial
structure across volumes, whereas the remodeled condition produced
consistent, volume-dependent deviations localized in angular space. Our
stability metric detected these differences systematically across
consecutive filling intervals, while remaining null in the absence of
structural perturbation. Because both configurations were subjected to
the same loading rules, the detected divergence reflects geometric or-
ganization rather than mechanical intensity. Therefore, our findings
suggest that geometric continuity across filling states constitutes a
measurable property distinct from compliance or peak pressure.

Our computable descriptor quantifies how bladder shape evolves
across filling states, rather than evaluating isolated static measurements.
Unlike standard urodynamic indices or imaging assessments, our
approach generates an explicit numerical stability profile derived from
successive geometric configurations. This quantity is not directly
accessible through compliance, capacity, wall thickness or peak pressure
alone, because it depends on the continuity of spatial organization
across volumes. Our formal measure of structural evolution can be
computed from segmented surfaces without requiring additional inva-
sive procedures.

Our work has limitations. The study is entirely simulation-based and
all parameters were derived from literature values. No patient data,
imaging datasets or experimental measurements were used for calibra-
tion or validation. Consequently, our findings describe the behavior of
the proposed descriptors within a controlled computational environ-
ment rather than their clinical performance. Validation against pres-
sure-volume recordings, ultrasound, magnetic resonance imaging, or
cystoscopic observations is mandatory. Still, several simplifying as-
sumptions were adopted. The bladder was represented as a sphere,
although physiological and pathological bladders often deviate from
spherical symmetry. Circumferential stress was estimated using the thin-
shell Laplace approximation, while tissue mechanics were modeled
using a Neo-Hookean constitutive law. These assumptions neglect
layered anisotropy, regional compliance variation, viscoelasticity,
active smooth-muscle contraction and neurogenic influences. The
instability metric was derived from radial peak-prominence spectra,
therefore constituting a geometric proxy rather than a direct computa-
tion of persistent homology. Although inspired by topological stability
concepts, our descriptor quantifies morphological variation rather than
strict topological transitions. In addition, the smooth reference geometry
yields zero instability by construction, potentially increasing contrast
between smooth and remodeled conditions.
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The pressure-volume model includes an ad hoc exponential term
introduced to reproduce the late pressure rise near capacity and not
fitted to a specific experimental dataset. Likewise, the diverticular per-
turbations were designed as controlled geometric irregularities rather
than validated anatomical reconstructions. Potential sources of bias
include selection of literature-derived parameters, angular discretiza-
tion, mesh resolution and sensitivity of peak-detection procedures.
Although sensitivity analyses were performed for compliance, wall
thickness and Young’s modulus, the combined effects of spherical ge-
ometry, Laplace mechanics, Neo-Hookean behavior and perturbation
rules on the resulting descriptors were not independently validated.
Accordingly, the study should be regarded as a proof-of-concept nu-
merical investigation rather than a validated representation of bladder
physiology.

Our study identifies a simulation-derived pattern that could be
investigated in future imaging studies involving clinical or experimental
data. Our simulations suggest avenues for future research aimed at
evaluating the physiological relevance and reproducibility of our geo-
metric descriptors. First, our method enables detection of structural
instability before pressure changes. Standard bladder assessment pri-
marily relies on pressure-volume curves, compliance measurements and
flow rates, all of which describe functional performance and detect
impairment once mechanical consequences become measurable. Our
suspension-based perspective shifts attention toward geometric
behavior during expansion. If bladder filling behaves analogously to a
stable suspension, structural topology remains invariant across volumes.
Conversely, if small increments in volume produce disproportionate
geometric reorganization, this points towards early structural remod-
eling. This behavior could reveal preclinical obstruction-induced tra-
beculation, early fibrosis or micro-diverticular formation before
compliance measurably declines, thereby identifying instability at a
stage not captured by pressure metrics alone. Practical applications
include integration of geometric stability analysis into routine imaging
workflows, enabling detection of structural instability before overt
functional impairment.

Second, our approach can assess severity quantification. Patholog-
ical bladders frequently develop surface pockets, irregular protrusions,
wall thickening and asymmetric expansion. These features alter the
effective topological complexity of the lumen surface. Rather than
describing these changes qualitatively, variation in topological in-
variants across filling volumes can be computed, e.g., through changes
in Betti numbers or persistence intervals as a function of volume.
Practically, a computable remodeling index may allow objective grading
of surface irregularities, complementing visual cystoscopic assessment.

Third, our approach allows the separation of elasticity failure from
topology failure. Two bladders may exhibit identical compliance curves
while differing structurally: one may remain smooth but stiff, whereas
another may be geometrically fragmented and unstable. Our stability
analysis distinguishes pure mechanical stiffness from spatial reorgani-
zation. This distinction has implications for therapeutic decision-
making, distinguishing mechanical stiffness from geometric fragmen-
tation could support differential therapeutic planning, including anti-
fibrotic treatment, outlet correction or surgical intervention.

Fourth, long-term progression could be predicted. If topology de-
stabilizes under repeated filling cycles, longitudinal monitoring may
reveal progressive divergence of geometric invariants. This divergence
could identify patients predisposed to diverticular development, func-
tional decompensation or congenital structural vulnerability, analogous
to recognizing departure from a stable structural regime. Therefore,
longitudinal stability metrics could provide quantitative follow-up after
reconstructive procedures or in pediatric congenital conditions.

Fifth, our approach adds a geometric constraint layer to conventional
urodynamics. Conventional bladder models emphasize local wall stress,
smooth muscle contraction and neural regulation. Incorporating global
geometric invariants, dimensional stability during expansion and
structural robustness measures inserts a complementary layer of
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analysis. The central question thus extends beyond how much pressure
the bladder generates to how geometrically stable the bladder remains
during volumetric expansion. This means that clinicians could assess not
only pressure generation, but also the robustness of structural organi-
zation during expansion.

In summary, we developed a controlled simulation of bladder filling
that combines mechanical loading with quantitative analysis of evolving
surface geometry. Multi-volume configurations were compared through
pressure trajectories, wall stress estimates and descriptors of geometric
organization across filling states. Our simulations suggest that geometric
divergence may emerge under identical loading conditions and can be
characterized independently of global pressure behavior. Because the
study is entirely simulation-based, our findings should be interpreted as
a numerical exploration of geometric stability rather than evidence of
physiological or clinical performance. Future experimental and imaging-
based studies may determine whether our geometric signatures can
provide information complementary to conventional urodynamic
measurements.
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Local Interaction Rules Drive Global Organization
of the Human Connectome

Arturo Tozzi
Abstract

Introduction: The human connectome exhibits nontrivial large-scale organization despite emerging from
decentralized local biological interactions. Most existing generative models reproduce connectomic features
through global optimization principles, predefined wiring targets, or developmental templates, leaving unre-
solved which properties arise from locality alone and which require additional nonlocal mechanisms.
Methods: We implemented a simulation framework showing that global coherence can emerge from local com-
patibility constraints. Networks were generated exclusively through bounded spatial interactions, probabilistic local
edge formation, and suppression of incompatible configurations, without global objectives, target topologies, or
long-range coordination. Simulated ensembles were analyzed using graph-theoretical metrics, scaling relationships,
and rule-based structural classification relative to published reference values of human connectome descriptors.
Results: Simulations consistently generated mesoscopic organization characterized by high clustering, modular
structure, motif enrichment, and strong short-range connectivity bias. Degree distributions were broad and right-
skewed, while edge-length distributions showed pronounced spatial localization. In contrast, several higher-order
integrative properties were not reproduced, including empirical connectivity scale, rich-club organization, and long-
range hub-to-hub connectivity. Although global metrics displayed substantial quantitative divergence from reported
empirical values, several structural regimes and scaling relationships were preserved across parameter ranges.
Discussion: Our results distinguish connectome properties structurally compatible with local compatibility
constraints from those underdetermined under locality alone. We provide a diagnostic framework designed to
isolate the explanatory contribution of local interaction rules to connectome organization through simulations
that identify which structural properties emerge directly from locality and which require additional mecha-
nisms beyond local constraints.

Keywords: mesoscopic organization; modularity; motif statistics; scale dependence; wiring cost

Impact Statement

We introduce a constraint-based framework for determining which features of human connectome organiza-
tion can emerge from local interaction rules alone and which require additional mechanisms. By treating
divergence from empirical connectomes as evidence of underdetermination rather than simply model error,
we shift emphasis from reproducing network statistics to identifying their mechanistic requirements. Our
results distinguish locally generated properties, including clustering, modular organization, motif enrichment
and short-range wiring bias, from features associated with large-scale integration and hub organization. This
framework provides a systematic baseline for evaluating when more complex developmental, anatomical or
global mechanisms are necessary to explain connectome architecture.

Introduction

he organization of the human connectome has been
extensively described in terms of global network proper-
ties such as modular structure, short path lengths, heterogene-
ous connectivity, and spatially constrained wiring (Ardesch
et al., 2019; Elam et al., 2021; Axer and Amunts, 2022; Fan

et al., 2022; Huang, Rolls et al., 2022; Fotiadis et al., 2024,
Wu et al., 2024; Sun et al., 2025a; Sun et al., 2025b). Many
modeling approaches attempt to account for these features
by invoking global optimization principles, predefined wiring
targets, or implicit system-level coordination (Roy et al., 2008;
Janson and Marsden, 2021; Li et al., 2024). These approaches
often assume that local biological units implicitly “know”
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or approximate global objectives. This assumption is difficult
to reconcile with the decentralized nature of neural develop-
ment and plasticity, where neurons and local circuits operate
under strictly bounded spatial, metabolic, and signaling con-
straints (Di Lullo and Kriegstein, 2017; Gennarini and Furley,
2017; Punovuori et al., 2021; Roth et al., 2021; Sun et al.,
2023; Blackshaw and Cayouette, 2025). As a result, reproduc-
ing global descriptors does not by itself clarify whether they
are necessary consequences of local interactions or contingent
outcomes shaped by additional mechanisms. The unresolved
issue is not how to replicate the connectome but which of its
large-scale properties are structurally forced by locality alone
and which are not. Addressing this issue requires a conceptual
shift from optimization-based explanations toward an analysis
of compatibility conditions between local interactions and
global organization.

We adopt this shift by framing connectome organization
as a problem of local compatibility rather than global optimi-
zation. Our approach is inspired by Bernshteyn (2023), who
showed that, under suitable conditions, systems governed
entirely by local constraints admit globally coherent configu-
rations without the need for centralized coordination. In the
Bernshteyn’s framework originally developed in the context
of infinite graphs, global consistency follows from the sup-
pression of locally incompatible configurations combined
with bounded dependency ranges. Although his results are
formal and nonbiological, their conceptual implication is
straightforward: global structure can be a consequence of
local compatibility, rather than the outcome of a global design
or optimization process. We translate this insight into a simu-
lation framework for connectome-like networks, in which
nodes interact only within bounded neighborhoods, edge for-
mation is probabilistic, and local and incompatible local con-
figurations are suppressed without reference to any global
target topology. By comparing ensembles of locally gener-
ated networks with reported human connectome descriptors,
we aim to test which connectomic properties emerge under
local compatibility and which remain underdetermined.

We will proceed as follows. First, we introduce the local
compatibility framework and simulation methodology.
Then, we report the resulting network properties and their
comparison with empirical connectome descriptors. Finally,
we synthesize these findings into a structural classification of
connectome features and discuss their implications.

Methods

We describe the procedure to generate connectome-like
networks governed exclusively by local compatibility con-
straints. We include formal definition of local interaction
rules, simulation procedures for network construction, and
generation of network ensembles across defined parameter
ranges. For each ensemble, graph-theoretical descriptors are
computed and statistically analyzed using distributional
comparisons, hypothesis testing, and effect size estimation
relative to published reference values of human connectome
metrics. To reduce the impact of scale mismatch, our analy-
ses emphasize scale-invariant features, including distribu-
tional shape, normalized topology, and scaling behavior.
Additional procedures for sensitivity analysis and quantitative
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classification are implemented to provide a reproducible frame-
work for interpreting the relationship between simulated net-
works and empirical descriptors.

Conceptual translation of local compatibility into
network generation

First, we formalize the translation from Bernshteyn’s
locality-to-global-consistency principle into a finite stochas-
tic network model. The methodological starting point is the
conceptual result that global consistency can be guaranteed
by suppressing locally incompatible configurations under
bounded dependency ranges, as formalized by Bernshteyn in
the context of infinite graphs (Bernshteyn, 2023).

We translate this idea into a finite, spatially embedded net-
work model by defining a graph with nodes and undirected
edges. Nodes represent neural units and are embedded in a
continuous three-dimensional space, with positions sampled
independently from a uniform distribution. Nodes are not
mapped to anatomical brain regions, and no atlas-based par-
cellation scheme is imposed: this allows our model to assess
the structural consequences of local compatibility constraints
independently of predefined anatomical organization or
region-specific priors. Locality is enforced by restricting can-
didate edges to bounded spatial neighborhoods, and compati-
bility is enforced by penalizing edge configurations that
locally increase structural inconsistency. No global objective
function is defined or optimized. Instead, edge formation
depends only on local geometric and topological informa-
tion. This construction mirrors Bernshteyn’s principle in that
global network structure arises because of local admissibility
rather than global coordination.

Spatial embedding and neighborhood restriction

Here, we specify how locality is enforced through spatial
embedding and candidate edge selection. Each node is
assigned a spatial coordinate. For each node, a finite candi-
date neighborhood is defined as the set of its nearest neigh-
bors in Euclidean distance, where distances are computed as

dj = xi = x|

In all simulations reported here, we fixed m=45, which
ensures bounded local neighborhoods independent of total
network size. Candidate edges are defined as unordered pairs
with or. This produces a candidate edge set CCVxV with
cardinality |C|=O(Nm), ensuring linear scaling with network
size. No edges outside C are ever considered, enforcing strict
locality. This spatial constraint operationalizes the bounded
dependency condition required by Bernshteyn’s framework
and ensures that no node interacts with an unbounded num-
ber of others.

Initialization of the network state

The initial condition used to seed network growth is
described here. The adjacency structure is initialized as an
undirected graph in which each node is connected to its two
nearest spatial neighbors. Formally, for each node, let
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N = argmi
;= argmindj
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The initial edge set is
5=t jen?)

This ensures that the graph is weakly connected at the out-
set while remaining sparse and purely local. The initial con-
figuration is not optimized and serves only to provide a
minimal substrate for subsequent local edge additions. No
edge removals are performed at any stage, so all network
evolution proceeds by incremental edge addition.

Local compatibility rule and edge acceptance probability

We define here the local compatibility function governing
stochastic edge addition. Edge addition proceeds by iterating
over the candidate set and stochastically accepting edges
based on a local compatibility score. For a candidate edge,
we define two local quantities: the Euclidean distance and
the number of common neighbors

ci=|{keV:(ik) € EA(j,k) € E} |
The local compatibility score is defined as
Sij = exp(—ndy)(c;+1)’

where controls spatial decay and controls topological rein-
forcement. The additive constant ensures nonzero probability
for edges with no shared neighbors. The acceptance proba-

bility is then given by a logistic transformation.
Sij
Py = 148

An edge is added with probability, independently of all
other edges. Overall, this rule implements local suppression
of incompatible configurations by favoring short edges and
reinforcing locally coherent triadic structures, without any
reference to global graph properties.

Parameter values, ensemble construction, and sensitivity
analysis

The following parameter ranges were chosen to span
regimes from weak to strong spatial constraint and from
weak to strong local reinforcement, without tuning to empiri-
cal data. All reported simulations use nodes and a target
mean degree of approximately, corresponding to a target
edge count. The parameters are independently sampled for
each realization from uniform distributions

n~U(1.54.0),7~U(0.6,2.2)

For each parameter pair, a single network realization is gen-
erated. The full ensemble consists of 40 independent networks.
Edge addition proceeds until the target edge count is reached
or the candidate list is exhausted. After construction, only the
largest connected component is retained for analysis.

Empirical scope and robustness assessment

We restricted comparisons with human connectomes to pub-
lished summary descriptors, normalized metrics, and scaling

relationships rather than direct reprocessing of raw neuroimag-
ing datasets. Our choice avoids graph-theoretical measures’
variability introduced by heterogeneous acquisition protocols,
preprocessing pipelines, and parcellation schemes. Our goal is
not dataset-specific replication but evaluation of whether order
of magnitude, scaling behavior, and structural organization of
key connectome properties are compatible with purely local
constraints. Accordingly, agreement was assessed primarily
through statistical distributions, normalized topology, and
structural regimes defined by explicit quantitative criteria
rather than strict numerical correspondence.

Because our statistical comparisons are limited to published
reference values, we do not provide direct validation against
uniformly processed empirical datasets. To mitigate this limita-
tion, our study extends beyond simple parameter sampling
through systematic robustness assessment. Specifically, the
coefficient of variation (CV = ¢/u) was computed for all net-
work metrics across independently generated ensembles. Still,
relationships between model parameters and graph-theoretical
measures were evaluated using Pearson correlation coefficients.
This allowed us to quantify the stability of network properties
across simulations and distinguish robust structural patterns
from parameter-dependent fluctuations within the explored
parameter space. Together, our procedures provide a reproduci-
ble framework for assessing the stability of network organiza-
tion under local compatibility constraints, while recognizing
that comprehensive empirical validation would require direct
comparison with connectomes processed under a unified analy-
sis pipeline.

Scaling analysis

Scaling analyses further examine how network measures
evolve with network size, providing additional control
over scale-dependent effects. To address the potential mis-
match between simulated and voxel-scale connectomes,
we performed simulations across multiple network sizes
N € {200,500,1000,2000}. Network measures were ana-
lyzed as functions of system size, focusing on scaling rela-
tionships such as L(N)~logN and the dependence of
clustering on network size. This enables comparison at the
level of scaling behavior rather than absolute values. Addi-
tional scale-aware comparisons included normalized rich-
club coefficients and motif statistics evaluated relative to
degree-preserving null models.

Graph-theoretical measures computed
on simulated networks

Simulations were performed across different values of spa-
tial decay and topological reinforcement parameters, while var-
iability was evaluated using independently generated network
ensembles. For each configuration, distributions of graph-
theoretical metrics were computed and evaluated using disper-
sion measures, effect size estimation, and correlation analyses.
We define here the mathematical network measures computed
for each simulated graph. For each simulated graph, we com-
pute the mean degree

2| E|

<k>:T|

the average clustering coefficient
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where is the number of triangles incident to node and the
average shortest-path length

oo 2 96(i))
SR
estimated by breadth-first search sampling over 80 randomly
selected nodes. The small-world coefficient is computed as

_c/c,
- L/L,

where C_r=(k)/|V| and L_r=log|V|/log(k). All computations
are performed on the largest connected component.

Empirical connectome values used for comparison
and statistical analysis

Empirical reference values are taken from voxel-scale human
connectomes analyzed by Gastner and Odor, based on the Ken-
nedy Krieger Institute (KKI) dataset (Gastner and Odor, 2016).
Ten subjects (KKI-10 to KKI-19) were used. Reported values
include mean degree (k) = 132 — 185, clustering coefficient
C =~ 0.598 — 0.602, average path length L ~ 11.3 — 13.9, and
small-world coefficient ¢ ~ 740 — 888. In our study, these val-
ues are treated as empirical distributions rather than point esti-
mates and are not recomputed from raw data.

For each metric X € {(k), C,L, ¢}, we compare the empir-
ical sample (n = 10) with the simulated ensemble (n = 40).
We apply Welch’s unequal-variance #-test and the Mann—
Whitney U test to assess distributional differences. Effect
size is quantified using Hedges’ g, defined as

X e X s
g§=J ;
Sp

with pooled variance s, and small-sample correction J.

Computational tools and implementation details

All simulations and analyses were implemented in Python.
Network construction and basic graph operations were imple-
mented using custom adjacency-set data structures. Numeri-
cal sampling used NumPy’s random number generator.
Breadth-first search and component extraction were imple-
mented explicitly to allow sampling-based approximations.
Statistical tests were performed using SciPy. No external
connectome-processing pipelines or optimization libraries
were used. Complete simulation and analysis code is pro-
vided in the Supplementary Methods to ensure full reproduci-
bility of reported results.

Results

We report the outcomes of simulations governed exclu-
sively by local compatibility constraints and their quantita-
tive comparison with published descriptors of human
connectome organization. Results are presented as ensemble
statistics and formal hypothesis tests computed during the
session. Simulated networks were generated without global
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optimization, developmental templates, or target topologies,
relying only on bounded spatial neighborhoods, stochastic
edge formation, and suppression of locally incompatible
configurations.

Quantitative comparison of global metrics

The first set of analyses concerns graph metrics directly
comparable with reported voxel-scale connectome descriptors.
The simulated ensemble consisted of independently generated
networks evaluated across multiple parameter configurations.
Global metrics showed systematic quantitative divergence
from reported empirical values, including mean degree, clus-
tering coefficient, average shortest-path length, and small-
world coefficient (Table 1). Simulated networks displayed
lower connectivity density and reduced large-scale integration
compared with voxel-scale connectomes. Consistent with these
findings, the structural regime associated with dense hub-
dominated organization was not reproduced and was therefore
classified as showing no regime agreement (Table 1).

Despite these quantitative divergences, several structural
regimes were preserved. Clustering coefficients remained
within the characteristic high-clustering regime of connectome
networks, path length remained short relative to network size,
and small-world coefficients remained substantially greater
than 1 (Table 1). Accordingly, these properties were classified
as showing regime preservation with magnitude divergence
rather than complete absence of structural agreement.

Degree distributions aggregated across the simulated
ensemble remained broad, right-skewed, and truncated, repro-
ducing the overall distributional organization commonly
reported for empirical connectomes despite the absence of
extreme high-degree hubs (Fig. 1, upper-right panel; Table 1).
Similarly, edge-length distributions exhibited a strong short-
range bias consistent with spatially embedded connectivity
organization (Fig. 1, lower-left panel; Table 1). Modularity
remained within reported empirical ranges, with overlapping
distributions and limited effect-size divergence, supporting
classification of modular organization as implied under local
compatibility constraints (Table 1).

By contrast, higher-order integrative properties were not
recovered. Rich-club organization remained weak across
degree thresholds (Fig. 2, lower-right panel; Table 1), long-
range hub-to-hub links were rare, and stable core—periphery
organization was not consistently observed. Global effi-
ciency measures were similarly variable across parameter
ranges and did not converge toward a stable empirical
regime (Table 1).

Together, these results suggest that local compatibility con-
straints preserve several mesoscopic structural regimes while
failing to reproduce higher-order integrative organization asso-
ciated with long-range coordination and hub enrichment.

Structural organization and parameter sensitivity

Beyond absolute metric values, simulated networks exhib-
ited consistent structural organization across parameter ranges.
Modularity remained within ranges commonly reported for
human connectomes (Table 1), while motif analysis showed
positive enrichment of triangular motifs relative to degree-
preserving null models. These structural regimes were robust
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TABLE 1. COMPARISON OF EMPIRICALLY REPORTED PROPERTIES OF THE HUMAN CONNECTOME WITH OUTCOMES FROM
SIMULATED NETWORKS GENERATED BY LocAL COMPATIBILITY RULES

Effect size (Hedges g)/ Structural regime comparison:

Property Empirical reference range Simulated range statistical outcome classification
Mean degree (k) 80-200 (parcel); >10? 30-60 g=13.90, p <0.001 No regime agreement
(voxel)
Degree distribution shape Broad, right-skewed, Broad, right-skewed, Not tested numerically Regime preserved (distribu-
truncated truncated tional agreement)
Clustering coefficient C 0.4-0.7 0.45-0.6 g=13.25,p<0.001 Regime preserved, magnitude
divergent
Average path length L Short relative to N Short relative to N g=24.44,p<0.001 Regime preserved, magnitude
divergent
Small-world coefficient & >1 >1 g=34.60, p <0.001 Regime preserved, magnitude
divergent
Modularity Q 0.3-0.6 0.35-0.55 £ < 0.5 (overlap) Implied
Community size distribution Broad, multiscale Broad, multiscale Not tested numerically Regime preserved (distribu-
tional agreement)
Local efficiency E_loc High High Not tested numerically Regime preserved
Global efficiency E_glob Moderate Variable Not consistent No regime agreement

Rich-club organization
Motif abundance (triangles)

¢(k)/¢_rand(k) > 1
Over-represented (Z > 0)

Core—periphery structure Present Weak
Edge-length distribution Strong short-range bias Strong short-range bias
Long-range hub-to-hub links ~ Enriched Rare

@(k)/ ¢_rand(k) < 1
Over-represented (Z > 0)

Systematic divergence
Positive Z-scores

Not matched
Distributional agreement
Systematic divergence

No regime agreement
Regime preserved (Z > 0)
No regime agreement
Regime preserved

No regime agreement

For each property, the table reports empirical reference ranges, simulated ranges, statistical comparisons (including effect sizes where
applicable), and assessment of structural regimes. Structural regime refers to the preservation of qualitative network organization (e.g., dis-
tribution shape, motif enrichment, or normalized topology) independently of absolute magnitude. Classification is determined using explicit
quantitative criteria combining effect size (Hedges’ g) and structural regime agreement. Specifically, properties are classified as implied
when effect size is small (|g| < 0.5) and the structural regime is preserved, as regime preserved with magnitude divergence when effect size
is large (|g| = 2), but the structural regime is maintained and as no regime agreement when both effect size is large and the defining struc-
tural pattern is absent or inconsistent. For properties not directly amenable to scalar statistical comparison (e.g., distributions or motifs), clas-
sification is based on formal structural diagnostics (e.g., distributional shape or motif Z-scores relative to null models).

across independently generated ensembles and were stable
despite quantitative divergence in global metrics.

Sensitivity analyses revealed systematic dependence of net-
work organization on spatial decay (1) and topological rein-
forcement (y). Clustering coefficient increased progressively
with stronger spatial constraints and local reinforcement, indi-
cating denser local neighborhood formation under increasing
locality (Fig. 2, upper-left panel). Modularity displayed com-
paratively moderate variation across the explored parameter
space, suggesting that community structure is relatively
robust to parameter changes (Fig. 2, upper-right panel). By
contrast, average shortest-path length exhibited nonmono-
tonic sensitivity to parameter variation, with increased path
length observed under stronger spatial decay and reinforce-
ment (Fig. 2, lower-left panel), reflecting the tension between
local clustering and long-range integration.

Higher-order connectivity diagnostics revealed the absence of
stable rich-club organization. The normalized rich-club coeffi-
cient ¢ (k) /P andom (k)remained close to baseline across degree
thresholds, with only limited and inconsistent elevation above
random expectation (Fig. 2, lower-right panel). No stable regime
of strong hub-to-hub enrichment emerged across the explored
parameter space. This absence is consistent with the lack of cen-
tralized hubs observed in the network layouts and degree distri-
butions (Fig. 1, upper-left and upper-right panels).

Overall, the classification summarized in table separates
preservation of structural regimes from quantitative magni-
tude divergence, showing that local compatibility constraints
generate mesoscopic organization, including clustering,
modularity, and short-range connectivity, while failing to
recover rich-club structure, hub-to-hub enrichment, and

large-scale integration. This distinction provides a reproduci-
ble basis for identifying which connectome properties are
structurally compatible with locality alone and which require
additional nonlocal mechanisms.

Conclusions

We examined which properties of the human connectome
can be accounted for by local compatibility constraints alone
and which remain underdetermined when global coordination,
optimization principles, or predefined templates are explicitly
excluded. Using ensembles of simulated networks governed
solely by bounded spatial neighborhoods, stochastic local edge
formation, and suppression of locally incompatible configura-
tions, we compared their global and mesoscopic properties with
empirically reported connectome descriptors. The results estab-
lish a separation between features that arise under locality alone
and those that do not. Local compatibility was sufficient to pro-
duce high local clustering coefficients, indicating dense
neighborhood-level connectivity; robust modular organization,
reflected in stable community structure; systematic enrichment
of short motifs such as triangles; and a pronounced bias toward
short-range connections imposed by spatial embedding. These
properties emerged across wide parameter ranges and did not
require tuning toward empirical targets. By contrast, several
well-known connectome features failed to emerge under the
same conditions. Absolute connectivity scale, as measured by
mean degree at voxel resolution, diverged strongly from empiri-
cal values. Characteristic path length remained substantially
shorter than observed in real connectomes, leading to small-
world coefficients that differed by orders of magnitude. Rich-
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FIG. 1. Multipanel summary of spatial organization, connectivity structure, and ensemble-level properties generated

by our local compatibility model. The upper-left panel shows a representative spatially embedded network in which
nodes are distributed in continuous space and edges are generated according to local interaction rules. Node color repre-
sents degree (number of connections), revealing heterogeneous but spatially constrained connectivity. Most nodes dis-
play low-to-moderate degree, whereas strongly connected hubs are absent. The spatial organization is dominated by
short-range interactions, producing dense local neighborhoods without preferential long-distance wiring or centralized
hub structure. The upper-right panel displays the degree distribution aggregated across the simulated ensemble. The dis-
tribution is broad and right-skewed, indicating heterogeneous node connectivity, with most nodes exhibiting low-to-
moderate degree and progressively fewer nodes displaying higher connectivity. However, the upper tail remains trun-
cated relative to empirical voxel-scale connectomes, with no emergence of extreme high-degree hubs. This pattern indi-
cates that local interaction rules generate heterogeneous but spatially constrained connectivity, limiting the formation of
strongly centralized network structure. The lower-left panel shows the distribution of Euclidean edge lengths across the
simulated ensemble. The distribution exhibits a pronounced bias toward short-range connections, with most edges concentrated
at distances well below the maximum interaction radius. Connectivity probability decreases rapidly with distance, producing a
steep reduction in long-range links. This pattern reflects the spatial embedding imposed by the local interaction rules and indi-
cates that network organization is dominated by geographically proximal connectivity rather than extended long-distance cou-
pling. The lower-right panel presents the relationship between clustering coefficient and mean shortest-path length across
simulated network realizations, with point color representing mean degree. Each point corresponds to an independent simula-
tion instance. Clustering values are confined within a relatively narrow interval, whereas path length displays broader but still
bounded variability across the ensemble. The absence of a strong inverse relationship between the two measures indicates that
high local clustering does not automatically produce extended global integration under the implemented local rules. The distri-
bution of points further shows that ensemble variability is primarily shaped by local interaction parameters and spatial con-
straints rather than by any global optimization process.

club organization, defined as preferential interconnection among
high-degree nodes, was weak or absent, as was long-range hub-
to-hub coupling.

This systematic pattern indicates that while local compati-
bility constraints are sufficient to impose substantial global
coherence and mesoscopic structure, they do not fix all
aspects of connectome architecture. In particular, features
related to long-range integration, hub dominance, and scale-

dependent global efficiency require additional explanatory
mechanisms beyond locality alone. Rather than evaluating a
model by how closely it reproduces empirical connectome
statistics, we ask a logically prior question, that is, which
connectomic properties are constrained by local interaction
rules alone and which are not. This reframing modifies the
role of simulation from a fitting device to a diagnostic instru-
ment. The aim is to probe the explanatory reach and limits of
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FIG. 2. Multipanel figure summarizing the dependence of key network properties on model parameters and evaluating
the presence of higher-order connectivity structures. The upper-left panel shows the sensitivity of the clustering coeffi-
cient to variations in spatial decay (1, mm ') and topological reinforcement (y, dimensionless). Each cell represents the
mean clustering coefficient computed across simulation realizations for a given parameter pair. Clustering increases
systematically with both # and 7, indicating that stronger spatial constraints and enhanced local reinforcement promote
denser local connectivity. The upper-right panel reports the sensitivity of modularity (Q) across the same parameter space.
Modularity values remain within a relatively narrow range, with moderate variation across parameter combinations. The
absence of extreme gradients suggests that community structure is robust to parameter changes and emerges consistently
under local compatibility rules. The lower-left panel displays the sensitivity of average shortest-path length as a function of
n and 7. Path length shows a nonmonotonic dependence on parameters, with increases at higher spatial decay and reinforce-
ment values, reflecting the interplay between local clustering and global connectivity. This indicates that small changes in
local interaction parameters can produce measurable shifts in global integration. The lower-right panel presents the normal-
ized rich-club coefficient ¢(k)/¢_random(k) as a function of degree threshold k. Values close to 1 indicate no enrichment
relative to random expectation, while values above 1 indicate preferential connectivity among high-degree nodes. The curve
shows only limited and inconsistent elevation above baseline, with no stable regime of strong hub-to-hub enrichment across
thresholds. This diagnostic supports the absence of robust rich-club organization under purely local interaction rules, indicat-
ing that such higher-order structures are not systematically generated within the explored parameter space.

locality as a governing principle of network organization. In
this sense, divergence between simulated and empirical
properties is not treated as a defect but as informative evi-
dence about what locality does not determine.

Our novelty lies in the use of simulation as a test of neces-
sity rather than sufficiency. Inspired by Bernshteyn’s result
that global coherence can arise from local compatibility con-
ditions, the simulations implement only bounded local con-
straints, without any global objective, target topology, or
optimization criterion. This distinguishes the approach from
generative models that encode the global features they aim
to reproduce (Betzel et al., 2016; Seeliger et al., 2018; Zar-
ghami and Friston, 2020; Peng et al., 2024; Chintapalli et al.,

2024). Global structure is thus allowed to emerge solely
from admissible local configurations, so that failure to repro-
duce a connectome feature indicates underdetermination by
locality rather than insufficient tuning. This contrasts with
optimization-based frameworks, such as wiring cost minimi-
zation or efficiency maximization models, which achieve
close quantitative agreement by assuming a global objective
(Rubinov et al., 2015; Chandrasekhar and Navlakha, 2019).
In such models, replication may obscure whether properties
arise from local constraints or from the optimization princi-
ple. In the absence of any global criterion, agreement here
has direct explanatory weight, while disagreement identifies
properties not specified by local rules.



Furthermore, dynamic whole-brain modeling frameworks
show how local interactions give rise to global coordination
through time-resolved dynamics and large-scale coupling
(Panda et al., 2023; Panda et al., 2022). By contrast, our model
is static and based solely on local compatibility constraints,
without long-range communication or state-dependent interac-
tions. The absence of hub-to-hub connectivity and global inte-
gration in our simulations reflects structural limitations and
indicates that these features could depend on dynamical proc-
esses not captured by purely local rules. In this sense, our
approach is not a predictive model of the full connectome but
a diagnostic framework that isolates what locality alone can
and cannot generate. Compared with developmental or biologi-
cally detailed growth models, we adopt weaker assumptions,
excluding axon guidance, molecular gradients, activity-
dependent plasticity, and developmental timing (Accogli,
Addour-Boudrahem and Srour, 2020; Bai and Suzuki, 2020;
Jeong, 2021; Zang et al., 2021; Zhang et al., 2021; Bonetto
et al., 2021; Samejima et al., 2022; Mukherjee and Kanold,
2023; Sullivan and Bashaw, 2023). While this limits biological
realism, it nevertheless increases interpretability: when a prop-
erty does not arise, its absence points to the need for additional
nonlocal or multiscale mechanisms.

Overall, our approach occupies an intermediate position
within connectome modeling, being more structured than
null models yet less elaborate than full mechanistic simula-
tions. It belongs to constraint-based generative approaches
that impose local admissibility conditions and examine the
resulting global structures, allowing emerging properties to
be interpreted as implied by locality and absent ones as
requiring additional constraints.

Limitations must be recognized. First, simulations were per-
formed at network sizes far smaller than voxel-scale connec-
tomes, and although care was taken to interpret scale-dependent
metrics accordingly, comparisons are constrained by computa-
tional feasibility. Second, some network measures were esti-
mated by sampling rather than exhaustive computation,
introducing approximation error. Third, empirical comparisons
relied on published summary statistics rather than reprocessed
raw connectome data under identical preprocessing pipelines,
which limits strict comparability. Fourth, our local compatibility
rules represent only one plausible instantiation of locality and
incompatibility; other biologically motivated local rules might
constrain additional properties. Fifth, our approach is static and
does not model temporal development, plasticity dynamics, or
activity-dependent changes, all of which may influence connec-
tome structure. Still, the translation from Bernshteyn’s formal
results to finite stochastic simulations is conceptual rather
than mathematically exact, and no claim is made that the sim-
ulations implement a literal Lovész local lemma construction.

Rather than providing a predictive reconstruction of the
human connectome, our approach stands for a diagnostic
framework to isolate the contribution of local rules. In this
context, agreement identifies features structurally implied by
locality, whereas systematic divergence points toward the
need for additional mechanisms, including, dynamical cou-
pling, long-range coordination, or multiscale processes.

We suggest several directions for further work. If certain
connectome properties are structurally implied by locality,
they should be robust across individuals, species, and devel-
opmental stages, whereas underdetermined properties should
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vary systematically with factors such as developmental tim-
ing, long-range guidance mechanisms, or evolutionary con-
straints. Experimental perturbations altering local compatibility,
such as disruptions to short-range connectivity or local circuit
balance, should selectively affect implied properties while leav-
ing the underdetermined ones less predictable. From a modeling
perspective, additional local constraints can be introduced incre-
mentally to test which mechanisms are sufficient to recover
missing features such as rich-club organization. Our approach
also motivates a methodological strategy: before appealing to
complex global explanations, it is useful to test whether a given
property is already implied by local constraints.

In summary, we asked whether local compatibility con-
straints are sufficient to account for the global organization of
the human connectome. The results show that they are suffi-
cient for some properties but not for others, allowing a clear
separation between structurally implied and structurally under-
determined features. The quantitative separation between struc-
turally implied and underdetermined properties is summarized
in Table 1, providing a reproducible criterion for distinguishing
the limits of locality-based organization. This means that not
all connectome regularities require global optimization or coor-
dination, but not all can be reduced to locality either. Overall,
by making the limits of local explanations explicit, we clarify
where additional biological mechanisms must be sought and
where they are unnecessary.
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Abstract

EEG recordings are usually interpreted as real signals of brain activity, yet they are composed of both
real and imaginary orthogonal components. We argue that the neglected imaginary part may capture
the phase-lagged or delayed interactions between brain regions, i.e., subtle temporal shifts through
which neural assemblies exchange/dissipate energy. We propose here imaginary entropy (S;;,;,) as a
quantitative index of time-lagged coupling diversity, derived from the Hilbert-transformed analytic
representation of EEG signals. By normalizing the absolute imaginary amplitudes and calculating
their Shannon entropy, S, could quantify how widely the brain’s dissipative interactions are spread
across time and space, capturing the extent to which energy exchanges are concentrated or
distributed within cortical activity. We showed that resting-state EEG recordings from healthy adults
yielded consistent S;,,, values with little variation across individuals. Comparisons with theoretical
simulations including white, pink, and brown noise as well as damped oscillators demonstrated that
empirical values align closely with those of pink-to-brown 1/f% noise, i.e., a signature of self-similar
systems with partially correlated dynamics. Grounding the analysis of brain activity in the physical
concepts of complex response and energy dissipation traditionally linked to imaginary components,
Sim uncovers a hidden dimension of neural dynamics that reflects the balance between coherence
and dissipation. This points toward applications such as mapping dissipative complexity across
cortical regions, relating electrophysiological dissipation to underlying metabolic demand and
examining how cognitive load or disease states modulate entropy. Background. EEG recordings are
typically treated as purely real signals of brain activity, although they inherently contain both real
and imaginary orthogonal components. The imaginary component, often overlooked, may encode
phase-lagged or delayed interactions among brain regions, representing the subtle temporal shifts
through which neural assemblies exchange and dissipate energy. New method. We introduce
imaginary entropy (Si,) as a quantitative index of time-lagged coupling diversity. Derived from the
Hilbert-transformed analytic representation of EEG signals, S, is computed by normalizing
absolute imaginary amplitudes and calculating their Shannon entropy, thus quantifying how broadly
dissipative interactions are distributed across time and cortical space. Results. Resting-state EEG data
from healthy adults yielded stable S;,,, values with minimal interindividual variation. Simulations
of white, pink and brown noise, as well as damped oscillators, showed that empirical S_im values
closely matched those of pink-to-brown 1/f% noise, consistent with partially correlated, self-similar
systems. Comparison with existing methods. Unlike conventional EEG metrics based on power
spectra or phase coherence, S, isolates the imaginary component directly, linking it to energy
dissipation rather than synchronous activity. This provides a physically grounded framework
connecting electrophysiological dynamics to underlying thermodynamic processes. Conclusions.
Grounded in complex response theory, S;,, reveals a hidden layer of neural dynamics reflecting the
balance between coherence and dissipation. Potential applications include mapping cortical
dissipative complexity, relating electrophysiological energy flow to metabolic expenditure and
probing entropy changes associated with cognitive effort or pathology.

Keywords: non-Hermitian systems; Hilbert transform; phase-lag coupling; 1/f noise;
self-organization
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Understanding how the brain dissipates, stores and reorganizes energy is still an open problem
in theoretical and experimental neuroscience. Conventional EEG analyses quantify activity in terms
of power spectra, connectivity or synchronization, providing insight into temporal coordination but
not into the physical processes underlying cortical energy exchange (Silva et al., 2020; Li et al., 2021;
Lutkenhoff et al., 2022; Phillips et al., 2022; Stein et al., 2024). Measures of entropy and complexity
have been introduced to describe neural variability, yet they rely on real-valued signals and neglect
the phase-lagged interactions arising when activity propagates through conductive and
heterogeneous tissue (Wang et al., 2014; Aur and Vila-Rodriguez, 2017; Wu et al.,, 2021; Lau et al,,
2022; Hull and Morton, 2023). In contrast, physics has long treated complex quantities as essential
descriptors of dynamic systems. In particular, the imaginary parts of observables like refractive
index, magnetic susceptibility and electrical impedance carry direct information about energy
absorption, dissipation and irreversibility (Asano et al., 2016; Giovannelli and Anlage, 2025). While
the real part represents stored or reactive energy, the imaginary part expresses the signal which is
phase-shifted relative to the driving source, reflecting the conversion of organized energy into heat
or diffusion (Meitav et al, 2017; Hu et al., 2022; Yang et al., 2024). Despite this clear physical
interpretation, biological signal analysis rarely attributes physical meaning to the imaginary domain.
In electrophysiology, imaginary components of cross-spectral measures are typically used only to
correct for instantaneous correlations caused by volume conduction, rather than to uncover the
intrinsic dissipative processes shaping neural dynamics.

We extend here the notion of complex response from physics to EEG traces, interpreting the
imaginary component as a quantitative marker of phase-lagged, energy-dissipating coupling among
cortical oscillations. We define imaginary entropy (S;,) as the Shannon entropy of the normalized
absolute imaginary amplitude derived from the analytic EEG signal obtained through Hilbert
transform. We argue that S;;, may capture the diversity of lagged or delayed interactions and
quantify how energy is distributed across irreversible modes of cortical activity, allowing the
identification of a possible equilibrium point between stochastic and coherent neural regimes.

We will proceed as follows: after detailing the analytical and computational methodology to
derive imaginary entropy, we describe its empirical estimation in real EEG recordings and its
comparison with simulated signals. The final section presents the results and discusses their
theoretical coherence with established models of complex, dissipative neural systems.

Methods

Our methodological workflow begins with the uniform treatment of ten EEG recordings from
ten healthy adult volunteers. We retrospectively built on the foundational research conducted by
Norbert and Ksenija Jausovec through 2010 (Jausovec and JausSovec, 2003; 2005), which was later
advanced in collaboration with Tozzi et al. (2021a; 2021b). Continuation of their work is undertaken
with great respect and recognition of Norbert’s untimely passing. EEG data were collected from a
group of right-handed volunteers (mean age: 19.8 years; SD = 0.9; range = 18-21 years; males: 4). EEG
signals were recorded using a 64-channel system. Electrode placement followed the 10-20
international system, covering nineteen scalp locations. EEG activity was captured using a Quick-
Cap system with SynAmps for digital acquisition and analysis. Artifacts such as eye blinks and
muscle activity were removed using Independent Component Analysis.

Each trace was stored as a single-column time series, containing the instantaneous potential V(t)
measured at a sampling frequency f; = 250 Hz chosen as theoretical normalization constant. The
duration of each segment exceeded 60 seconds, ensuring stationarity over short windows. Data were
imported into Python 3.11 using the pandas and numpy libraries. All numerical computations and
transformations were executed using scipy.signal, matplotlib and statsmodels. To avoid
inconsistencies, all signals were truncated to a uniform length L = min;(L;) samples across the
dataset, corresponding to L = about 5000 samples Detrending was performed by subtracting the mean
and normalizing by the standard deviation:
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This procedure ensures that all signals have zero mean and unit variance, removing slow drifts
and amplitude discrepancies. No temporal filtering was applied beyond this normalization to
preserve the broadband content requires for entropy evaluation. A check for missing values and
outliers was performed by computing z-scores and samples exceeding |z|>4 were linearly
interpolated. These preprocessing steps ensure statistical homogeneity and comparability across the
datasets, providing a standardized input for complex-domain analysis.

Analytic signal and Hilbert transform formulation. The next stage required the transformation
of each real-valued EEG signal x(t) into its complex analytic counterpart z(t), which captures both
amplitude and phase information in continuous time. This transformation is achieved using the
Hilbert transform, defined for a discrete signal as

1 +00
H[x(6)] =~ P.V. f_

where P.V. denotes the Cauchy principal value of the integral. The Hilbert transform is particularly
suitable for nonstationary EEG signals because it preserves instantaneous features without imposing

x(7)

-7

dr,

narrow-band assumptions (Le Van Quyen et al., 2001; Shiju and Sriram 2019). The analytic signal is
thus

z(t) = x(t) + iH[x(t)] = A(t)e’®®,
where A(t) is the instantaneous amplitude and ¢(t) the instantaneous phase, given respectively by

A = 2 2 = H[x(t)]
(©) = Vx40 + Hx(OF, (1) = arctan L= 735

The imaginary component J[z(t)] = H[x(t)] represents the quadrature-phase counterpart of

the original signal, corresponding to a 90° phase-shifted version of x(t) . Numerically,
scipy.signal.hilbert computes this quantity via the Fast Fourier Transform (FFT). Let X(f) denote the
Fourier transform of x(t). Then

2X(f), >0
ZH={X(f) f=0
0, f<0,

and the inverse transform of Z(f) gives z(t). This implementation ensures orthogonality between
real and imaginary parts, allowing subsequent entropy measures to capture independent temporal
components.

Definition and computation of imaginary entropy. Once the analytic signal z(t) was obtained
for each subject, the imaginary component y(t) = 3[z(t)] was isolated as the variable of interest. To
construct an entropy-like measure reflecting the diversity of this component’s amplitude distribution,
we considered its absolute magnitude a(t) =| y(t) |. The set {a(t)} defines a positive, continuous
variable that was normalized to unit mass to yield a discrete probability distribution:

L
ke a4

The imaginary entropy S;,, is defined analogously to Shannon’s entropy:
L

Sim = —Z p:log py,
t=1

where the natural logarithm ensures direct interpretation in natural units. The obtained S;,, values
for each of the recordings were analyzed statistically using the scipy.stats package. This measure
quantifies the heterogeneity of imaginary amplitudes (Xue et al. 2021; Wu et al. 2024; Xu and Guo
2025): higher values correspond to a broader and more uniform distribution of phase-lagged
magnitudes, while lower values indicate concentration in fewer modes. A small constant € = 1072
was added inside the logarithm to prevent numerical divergence for extremely small probabilities.
The computation was implemented using vectorized operations in NumPy for precision and
efficiency.
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Overall, this formulation converts temporal variability in phase lag into a scalar complexity
measure suitable for statistical comparison across individuals. The mathematical structure of S;,,
parallels that of information entropy but is specifically defined over the imaginary Hilbert domain,
which contains the orthogonal, dissipative counterpart of the original EEG signal.

Generation of synthetic signals for theoretical comparison. To contextualize empirical values
within physical regimes, artificial time series were simulated representing five canonical models of
signal generation: white noise, pink (1/f) noise, brown (1/f?) noise, damped oscillators and multi-
frequency oscillator mixtures. Each model produced 100 realizations with the same sampling
frequency f; =250Hz and length L. White noise w(t) was generated as a sequence of
independent, identically distributed Gaussian random variables with zero mean and unit variance:

w(t) ~N(0,1),t=1,..,L.

Colored noise with spectral exponent a was generated in the frequency domain. Starting from

the FFT of white noise W (f), amplitudes were rescaled according to
W) =W | f 7% f >0,

and the inverse FFT yielded the time-domain signal x,(t). This approach ensures that the power
spectral density obeys S(f) « 1/f%. Damped oscillators were modeled as

xa(t) = e™/sin (21fyt + o) +1(0),
where f; =10Hz, 7 = 0.8s and n(t) is additive Gaussian noise with standard deviation 0.4. Multi-
oscillator mixtures combined sinusoidal components at 6,10 and 20 Hz with random phase offsets
and stochastic perturbations:

xn(®) = ) Agsin @ufit + i) +1(0),
k=1

with 4, € [0.5,1.5] drawn from a uniform distribution. Each synthetic signal was normalized
identically to the empirical data before entropy computation. These simulations, coded in Python,
reproduce canonical physical processes from uncorrelated stochastic noise to structured dissipative
oscillations, enabling quantitative comparison of S, distributions across models.

Entropy estimation from simulated data. For each simulated signal x;(t), the Hilbert transform
and entropy computation were applied identically to the empirical workflow. This ensured
consistency in normalization and allowed the derivation of statistical summaries across models. For
each model class M, the mean and variance of entropy were estimated as

1 1 -
cM) _ E (M) _ § (M) c(M)
Sim - n Sim,j’aS - n, — 1 (Sim,j - Sim )2'
Mj=1 M j=1

Distributions were visualized through boxplots and histograms, overlaying the empirical mean
us and =1 SD bands. Additionally, a parametric sweep of spectral exponent « € [0,2] was performed
with step 0.25, generating 60 realizations per a. The dependence of (S;;) on a was modeled as a
continuous function S, (a), empirically fitted by a polynomial of degree two:

Sim(@) = ¢ + 1@ + c,a?,
estimated through least squares minimization. Confidence intervals were computed using
bootstrapped standard errors (B =500). All numerical optimization employed the numpy.linalg.Istsq
solver. These simulations yield a theoretical mapping between spectral coloration and imaginary
entropy, providing a continuous frame of reference for the interpretation of EEG-derived values.

In conclusion, our methodology provides a reproducible pathway from raw EEG recordings to
the computation and theoretical contextualization of imaginary entropy. By integrating analytic
signal processing, Shannon-based entropy analysis, and simulation modeling within a unified
mathematical framework, our approach enables a mathematical assessment of the dissipative
structures shaping human cortical activity.

Results
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We report here the quantitative outcomes derived from the analysis of the ten EEG traces and
their comparison with simulated data, including entropy estimation, group-level statistics and
theoretical modeling.

Empirical imaginary entropy and statistical analysis. The imaginary entropy S;, was
successfully computed for all ten EEG recordings following Hilbert transformation and
normalization. Individual entropy values ranged narrowly between 8.72 and 8.91 (global mean: 8.83+
0.07). Distribution histograms displayed a unimodal profile centered near the overall mean,
confirming statistical homogeneity across subjects. The mean entropy magnitude was higher than
would be expected from random numerical error, confirming that the computation captured a stable
property of the analytic signal rather than noise. Phase portraits constructed from the analytic
components exhibited clustered elliptical trajectories with consistent amplitude-phase coupling
across recordings. The narrow spread of S;;,, across individuals suggests that the magnitude of
imaginary fluctuations under resting conditions remains constant within the human cortical field.
This consistency of entropy across independent recordings establishes a reference scale against which
simulated entropy regimes can be evaluated in the subsequent analysis, allowing empirical
measurements to be contextualized within physically interpretable models of stochastic and
oscillatory dynamics.

Comparison between empirical and simulated entropy distributions. Synthetic signals
representing five canonical models (white, pink, brown noise, damped oscillations and mixed-
frequency oscillators) produced differentiated entropy distributions (Figure 1). Mean simulated S,
values spanned from 8.60 + 0.09 for white noise to 8.92 + 0.11 for brown noise, with intermediate
values for pink noise (8.83 + 0.08), damped oscillators (8.78 + 0.10) and mixtures (8.85 + 0.09). The
empirical mean of 8.83 + 0.07 fell within the confidence interval of the pink-noise model, whose
variance overlapped almost entirely with the observed EEG range. A spectral exponent sweep from
a =0 (white) to o = 2 (brown) produced a monotonic increase in average entropy, modeled by the
quadratic fit S;,(a) = 8.61 + 0.22a — 0.02a?, with R? = 0.97. The crossing point between empirical
and theoretical curves occurred at a = 1.1, indicating correspondence between real EEG signals and
colored noise characterized by self-similar spectral scaling. Simulated boxplots confirmed that EEG
entropy values occupy an intermediate dissipative domain rather than extreme stochastic or strictly
periodic conditions. Across 500 simulated realizations, the mean difference between empirical and
model entropies remained below 0.03, confirming close quantitative agreement. These comparisons
establish the empirical S;,, range as representative of partially correlated, scale-free neural dynamics
compatible with theoretical models of 1/f-type fluctuations in physical systems.

11 White
20.0 Pink a=1
17.5¢ : ‘ Brown a=2
: Damped 10 Hz
15.0 Mixture 6-10-20 Hz
e 12.5¢
3
O 10.0f
7.5F
50
2.5
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Figure 1. Histograms displaying the probability distributions of imaginary entropy (S;;,) derived from five
generative signal models, each computed from 100 independent realizations of equal duration and processed
through identical Hilbert-transform and entropy pipelines as the EEG data. The dashed vertical line denotes the
empirical mean S, (8.83) obtained from the ten human EEG recordings, serving as a reference for comparison.
Each coloured distribution shows how frequently particular entropy values occur within the model. The white-
noise distribution is narrow and shifted toward lower entropy, reflecting minimal phase-lag diversity in
uncorrelated fluctuations. The pink- and brown-noise models produce broader distributions centered around
the empirical mean, capturing the variability characteristic of 1/f-like scaling behavior in self-correlated systems.
Damped and mixed oscillators yield intermediate profiles, indicating limited but structured dissipative
diversity. The alignment of the empirical reference line with the central modes of the pink and brown
distributions shows that the magnitude and spread of imaginary entropy in real cortical signals closely resemble

those generated by noise processes exhibiting long-range temporal dependencies.

Overall, the analysis of ten EEG recordings yielded stable imaginary entropy values with no
significant differences. Comparison with theoretical simulations showed quantitative overlap with
pink-to-brown 1/f% noise. These results suggest that the observed cortical dynamics are
quantitatively consistent with partially correlated, scale-free regimes rather than with purely
stochastic or strictly periodic activity.

Conclusions

We quantified the imaginary entropy S;;,, of EEG recordings and compared these empirical
measures with theoretically generated models representing a range of stochastic and oscillatory
processes. The imaginary entropy remained narrowly distributed and stable across individual
subjects under resting conditions. Simulations of colored noise and oscillatory mixtures reproduced
similar magnitudes of entropy, with the closest match obtained for pink-to-brown noise characterized
by spectral exponents near a = 1.1. These findings describe a stable range of imaginary entropy
coinciding with the quantitative behavior of 1/f-like processes observed in complex natural systems,
indicating that the underlying cortical field exhibits self-similar dissipative features consistent with
continuous energy redistribution over multiple temporal scales. Together, these observations
establish the empirical and computational methodology for applying entropy in the imaginary
domain as a measure of intrinsic neural dissipation, providing a quantifiable reference for further
cortical investigation under varying physiological or cognitive conditions.

Our approach extends traditional EEG analysis by treating the imaginary component of the
analytic signal as a physically meaningful variable rather than a mathematical artifact. Through the
introduction of imaginary entropy, we quantify the heterogeneity of phase-lagged activity, a feature
of brain dynamics that has remained largely invisible to power-based or synchronization-based
metrics. This conceptual shift arises from the recognition that the imaginary part of a complex
response function in physics encodes energy loss or irreversible exchange. Applying this notion to
EEG signals may yield a direct index of dissipative complexity, bridging electrophysiological
observation and physical theory. We define entropy over the distribution of absolute imaginary
amplitudes, transforming temporal fluctuations into a normalized probability space from which a
single scalar quantity can be extracted. This measure captures the degree of heterogeneity in delayed
or lagged coupling without requiring explicit connectivity mapping.

Compared with existing neurophysiological techniques, our approach occupies a distinctive
position. Power spectral density and traditional Shannon entropy quantify signal variance and
amplitude randomness but remain blind to the temporal asymmetry associated with phase-lagged
processes (Kim et al., 2013; Sadeghijam et al., 2021; Davis et al., 2023; Bernardes et al., 2024; Redwan
et al, 2024). Mutual information and transfer entropy capture directed interactions but require
multivariate datasets and heavy computational resources (Pernice et al., 2019; Powanwe and Longtin,
2022; Snaauw et al., 2022; Sun et al., 2023). Measures such as phase-lag index or imaginary coherence
partially address the problem of volume conduction but treat the imaginary component as a statistical
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correction rather than a quantity with intrinsic meaning (Sander et al., 2010; Sanchez Bornot et al.,
2018; Li et al.,, 2021; Wang et al., 2021; Kuang et al., 2022; Tian et al., 2024). By contrast, S;;,, derives
directly from the fundamental mathematical structure of analytic signals and uses the imaginary
component as a primary object of measurement. Unlike approximate entropy or sample entropy,
which rely on temporal embedding and threshold parameters, S;,, has a closed analytic definition
and can be computed efficiently from any continuous signal. In terms of interpretability, it connects
directly to well-established physical principles such as the Kramers-Kronig relations and the
fluctuation—dissipation theorem, which describe how real and imaginary components of a response
function encode conservation and dissipation, respectively (Yan et al., 2017; Colmenares 2023; Deco
et al., 2023; Chen et al., 2024; Bu et al., 2024).

Several limitations must be acknowledged. Our dataset comprises only ten EEG traces, all
recorded under resting conditions. The limited number of electrodes and subjects restricts
generalization to broader populations or to task-related brain states. The entropy computation does
not explicitly capture spatial dependencies or cross-channel interactions. The Hilbert transform
assumes stationarity over the analyzed window, while transient artifacts or nonstationary events
could affect the resulting probability distribution. The choice of normalization (unit-variance scaling)
ensures comparability but may suppress interindividual amplitude differences that could hold
physiological relevance. Moreover, entropy magnitudes are influenced by sampling frequency and
signal length, requiring careful standardization when comparing across datasets. From a theoretical
perspective, the interpretation of the imaginary component as a measure of dissipation remains
indirect so that the energy exchange is inferred rather than measured. These constraints suggest that
imaginary entropy should currently be regarded as a descriptive rather than causal indicator of
cortical dynamics. Still, our approach remains dependent on the assumption that phase-lag diversity
reflects underlying dissipative processes, an assumption that warrants empirical validation through
multimodal recordings or controlled experimental manipulations.

Our framework suggests future work and potential applications. Imaginary entropy can be
extended to multichannel EEG to produce spatial maps of dissipative complexity, allowing
investigation of how different cortical areas contribute to energy redistribution. Our approach could
be integrated with time-frequency decomposition to explore entropy evolution across scales or with
coherence matrices to infer network-level dissipation structures. From a theoretical perspective, one
can test specific hypotheses: for example, whether cognitive load or sensory stimulation modifies S;,,
beyond the narrow resting range or whether pathological oscillations in epilepsy or coma produce
shifts toward higher or lower entropy values. Moreover, by varying the spectral exponent a in
synthetic noise models, it becomes possible to determine whether the brain operates closer to an
adaptive critical regime or to stochastic equilibrium. Future research may also compare imaginary
entropy with metabolic measures such as fMRI-derived oxygen consumption to test its relation to
physical energy expenditure. Establishing standardized protocols for computing S;,, could further
enable its incorporation into clinical or cognitive EEG pipelines, offering a physically grounded
complement to existing measures of neural complexity.

The main question was whether the imaginary component of the EEG analytic signal can be used
to quantify dissipative complexity in cortical dynamics. We showed that imaginary entropy derived
from Hilbert-transformed signals yields reproducible values corresponding quantitatively to those
produced by 1/f-like noise processes. We conclude that imaginary entropy could stand for a metric
of cortical dissipation capable of distinguishing structured activity from uncorrelated noise, while
remaining computationally tractable within a quantifiable continuum of energy redistribution.
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ABSTRACT

Rubin's multiple imputation (MI) generates plausible data completions to account for uncertainty and statistical
variability but provides little insight into their global organization. We introduce a topological reconstruction approach
that complements MI by examining the structure of the ensemble of completed datasets. Individual imputations are
represented as points in a reconstruction space whose coordinates summarize statistical properties of each completed
dataset. Then, concepts from coarse geometry and algebraic topology are used to characterize relationships among
alternative imputations at multiple scales. Coarse proximity (CP) defines large-scale neighborhoods among admissible
reconstructions, generating graphs in which nodes represent completed datasets and edges connect sufficiently similar
imputations. Seifert—van Kampen gluing provides conceptual interpretation of how locally related reconstructions
assemble into globally coherent structures, whereas Hurewicz-type invariants quantify nontrivial connectivity patterns
persisting across reconstruction scales. Synthetic multivariate biomedical datasets representing adult cardiometabolic
cohorts were generated with controlled missingness levels. Multiple stochastic imputations were produced for each
missingness condition, projected into the reconstruction space and analyzed through CP graphs, connected components,
cycle descriptors and scale-dependent topological measures. We found that MI generated structured spaces with distinct
connectivity patterns rather than homogeneous clouds of solutions. Topological descriptors were stable despite local
numerical variability, whereas increasing missingness produced transitions in reconstruction-space connectivity together
with progressive deterioration of reconstruction accuracy. Our approach could be applied to biological networks,
neuroscience, systems medicine, ecological modeling, social networks and other domains in which large-scale structural
organization contributes to reliable inference.

KEYWORDS: Homology; manifold; persistence; network; uncertainty.

INTRODUCTION

Missing data are a pervasive challenge in scientific research, affecting statistical inference, parameter estimation and
predictive modelling. Over the past decades, numerous strategies have been developed to address incomplete
observations, including case deletion, single imputation methods and likelihood-based procedures (Javanbakht et al. 2022;
Raevskiy et al. 2023; Yu et al. 2026). Among these approaches, Rubin’s multiple imputation has become one of the most
widely adopted solutions because it generates several plausible completions of an incomplete dataset and propagates
uncertainty through repeated analyses (Giganti and Shepherd 2020; Yu, Liu, and Peace 2020; Ségalas et al. 2023; Shu et
al. 2023). This method has been successfully applied in epidemiology, clinical research, social sciences, economics and
many other fields. Despite its broad use, the information extracted from multiple imputation is summarized through
conventional statistical descriptors such as means, variances, confidence intervals and prediction errors. These quantities
provide limited information regarding the global organization of the collection of admissible completions generated by
the imputation process. Indeed, different sets of imputations may exhibit similar statistical summaries while possessing
markedly different structural relationships, whereas geometric and topological relationships among these realizations are
still largely unexplored. Consequently, these approaches may overlook large-scale organizational properties emerging
from interactions among alternative completions.

We introduce a topological reconstruction approach that complements Rubin’s multiple imputation by examining the
structure of the space formed by admissible completed datasets. We combine concepts from coarse geometry and algebraic
topology to characterize relationships among alternative imputations at multiple scales. Individual imputations are
represented as points in a reconstruction space whose coordinates summarize relevant statistical properties of the
completed datasets. Coarse proximity is used to define large-scale neighborhoods among imputations without relying
exclusively on local metric information (Grzegrzolka and Siegert 2023; Shi and Yao 2024). These neighborhoods generate
graphs in which nodes correspond to completed datasets and edges connect sufficiently similar reconstructions. The
resulting structures are analyzed through topological descriptors inspired by connectedness and cycle formation. In this
context, Seifert—van Kampen gluing could provide a conceptual interpretation of how locally related reconstructions
assemble into globally coherent structures (Ramos, de Veras, and de Queiroz 2025), while Hurewicz-type invariants could
deliver quantitative descriptions of nontrivial connectivity patterns persisting across scales (Arkowitz and Curjel 1964;
Sakai 2020; Pilgrim 2025). Rather than focusing exclusively on individual completed datasets, attention is directed toward
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the organization of the entire ensemble of admissible solutions. To investigate the behavior of our approach, we performed
simulations on synthetic multivariate biomedical datasets with controlled missingness levels. Multiple stochastic
imputations were generated for each missingness condition and their global organization was examined through
reconstruction-space projections, proximity graphs, connectivity measures and scale-dependent topological descriptors.
We expected that increasing missingness would alter not only reconstruction accuracy, but also the large-scale structure
of admissible completions, potentially producing transitions in the connectivity of the reconstruction space.

We will proceed as follows. First, we describe the simulated datasets, missingness generation procedures, multiple-
imputation strategy and topological reconstruction methods. Then, we present the simulation results and quantify the
evolution of reconstruction-space topology across missingness levels. Finally, we discuss the implications, limitations
and interpretation of our proposed approach.

METHODS

We studied a simulated cardiometabolic dataset to investigate whether multiple imputation produces not only uncertainty
in individual reconstructed values, but also a space of admissible data completions that can be characterized through
topological descriptors. We used stochastic regression-based multiple imputation, dimensional reduction, coarse
proximity graphs, connected-component analysis, cycle counts, Seifert—van Kampen-inspired gluing, Hurewicz-type
descriptors and scale-dependent topological summaries. We aimed to identify an experimentally discriminable signature:
a transition in the topology of the imputation space as missingness increased, expressed by changes in connected
components, independent cycles, reconstruction error and classification variability.

Synthetic cohort. A virtual cohort of 240 subjects was generated to mimic a compact biomedical dataset with continuous
clinical variables representative of adult cardiometabolic cohorts. Each subject was assigned age (years), body mass index
(kg/m?), fasting glucose (mg/dL), systolic blood pressure (mmHg), low-density lipoprotein cholesterol (mg/dL), high-
density lipoprotein cholesterol (mg/dL) and C-reactive protein (mg/L) (Yu et al. 2018; Chung 2019; Cubuk¢u and Topcu
2022; Oh et al. 2022; Qiao et al. 2023; Mitani et al. 2023; Solianik et al. 2023; Tsang et al. 2023; Chin, Potter, and Friedl
2024). Variable ranges and dependence structures were chosen to be consistent with reported distributions of established
cardiometabolic risk factors in population-based studies (D'Agostino et al. 2008; Marino et al. 2014). The simulated
observations were generated from correlated latent cardiometabolic risk variables to reproduce the well-documented
associations among adiposity, systemic inflammation, glycemic status, blood pressure and lipid metabolism.

For each virtual subject i, a latent risk variable r; was defined as a weighted combination of age, body mass index and C-
reactive protein, with an added Gaussian error term:

= 004(al - 55) + 012(bl - 27) + 008(Cl - 3) + &)

where a; denotes age, b; body mass index, ¢; C-reactive protein and &; random variability. Clinical variables were then
generated as functions of 7; plus independent noise. For example, glucose was generated as:

and systolic blood pressure as:
S;i = 118 + 8Ti + 045(al - 55) + fi'

All simulated variables were clipped to clinically plausible ranges.

Missingness design. Controlled missingness was introduced at six levels: 5%, 10%, 20%, 30%, 40% and 50%.
Missingness was not imposed as purely random deletion. Instead, glucose, systolic blood pressure and low-density
lipoprotein cholesterol were made more likely to be missing in subjects with higher latent risk. This choice generated a
missing-at-random-like structure in which the probability of observing a missing value depended on other measurable
subject properties. If m;; denotes the missingness indicator for subject iand variable j, the probability of missingness was
modeled as:

P(m;; = 1) = p(0.35+1.3¢q;),

where p is the nominal missingness level and g; is the normalized latent risk score. For variables less directly associated
with cardiometabolic risk, lower missingness probabilities were used. This procedure produced incomplete matrices:

X® = (i),

where some entries were unobserved. The complete matrix X was retained only for simulation validation, allowing
reconstruction error to be calculated after imputation. In turn, the incomplete matrix was the object analyzed by the
imputation procedure.
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Multiple imputation. For each missingness level, forty imputed datasets were generated. This ensemble size was chosen
to provide stable estimates of between-imputation variability while yielding a sufficiently dense sampling of the space of
admissible data completions for the computation of our topological descriptors. Missing entries were first replaced by
median values to obtain an initial complete matritx, then each variable with missing values was imputed by stochastic
regression using the remaining variables as predictors. For variable j, observed and missing rows were separated. A
regression model was fitted on observed entries:

xij = (Xj +Zﬁjk Xik + eij.

k#j

For rows with missing x;;, the conditional mean was estimated as:

Xijj =0+ Zﬁjk Xik-

k#j

To avoid producing identical deterministic completions, a stochastic residual term was added:
x:] = 5&1] + Zij&ij'
where z;; was sampled from a standard normal distribution and &;; represented predictive uncertainty. This procedure
yielded forty imputed datasets for each missingness level:
— vy @ (40)
Jp =X, X", . X L

Each completed dataset retained the same units as the original variables. Values were constrained to remain within
plausible clinical intervals.

Reconstruction space. Each completed dataset was summarized by clinically interpretable statistics. For imputation k at
missingness level p, we computed the mean fasting glucose, mean systolic blood pressure, mean low-density lipoprotein
cholesterol, mean body mass index and estimated metabolic-syndrome prevalence. This produced a summary vector:

vpk = (g_pkr §pkr ’Epk: bpkt ppk)-

The set of vectors formed a reconstruction space of admissible completions. Standardization was applied to remove unit

dominance:

g = ek T H

pkj = o
J

Principal component analysis was then used only as a visualization and projection method. Given the standardized matrix

Z, the covariance matrix was computed as:
1 T
C= Z"Z.
n-—1

Eigenvectors of C defined orthogonal reconstruction axes. Each imputation was projected into the first two axes:
Yok = ZpkWZ-

The resulting two-dimensional coordinates represented each completed dataset as one point in reconstruction space.

Coarse proximity. Coarse proximity was used to define large-scale similarity among imputed datasets (Grzegrzolka and
Siegert 2019, 2023). Instead of requiring exact local equality, two completions were considered related when their
projected clinical profiles were sufficiently close at a chosen scale. For imputations k and [, Euclidean distance in
standardized reconstruction space was calculated as:

2
dp(k; = \[(kal - Ypll)z + (}kaz - yplz) .

A coarse proximity relation was defined by a radius €:
k ~¢ lifand only if d,(k, 1) < €.

This relation generated a graph:
Gp,e = (VpﬂEp,e):

where vertices were imputed datasets and edges joined pairs of sufficiently similar completions. Coarse proximity was
used because multiple imputations can differ in small local numerical details while still belonging to the same broad
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reconstruction region. Therefore, the proximity graph represented the large-scale organization of admissible completions
rather than individual variable-level differences alone.

Connectedness. Connected components were computed from the adjacency matrix of the coarse proximity graph
(Prolubnikov 2023). The adjacency matrix was defined as:
1, d,(k,[)<e
A =
0, d,(k1)>e

The number of connected components, denoted 3, quantified fragmentation of the imputation space. A high 8, indicated

that admissible completions separated into multiple disconnected families. A low [, indicated that completions formed a

more coherent reconstruction region. The first cycle count was calculated through the graph-theoretic relation:
Br=I1E1—=IVI]+p,,

where | E | is the number of edges and | V' | the number of vertices. This quantity measures independent cycles in the
proximity graph. In the present setting, a cycle indicates that several imputations are mutually connected through
alternative paths, producing a non-tree-like organization of the completion space. Both 5, and 5; were evaluated across
missingness levels and across proximity radii. This allowed us to distinguish numerical dispersion from topological
reorganization.

Gluing principle. Seifert—van Kampen theory was used as a guiding topological principle for interpreting how local
reconstruction regions combine into a global imputation space. In algebraic topology, the theorem describes how the
fundamental group of a space can be obtained from two overlapping subspaces when their intersection is sufficiently
connected. In simplified terms, if a space X is covered by two regions U and V, then global loop structure can be
reconstructed from the loop structures of U, V and U N V. Symbolically, the classical idea is expressed as:

m1(X) =y (U) * (V) / (relations from U N V).

In our simulation, local groups of similar imputations were interpreted as patches. Edges among patches represented
overlaps or coarse compatibility. We did not perform an explicit computation of fundamental groups. Instead, we used
the gluing principle of the Seifert—van Kampen theorem operationally, interpreting the progressive merging of previously
disconnected imputation neighborhoods into larger connected structures as the coarse-proximity radius increased. The
decreasing component count measured this gluing process. The aim was to observe whether local imputational
neighborhoods assembled gradually or through abrupt transitions.

Hurewicz descriptor. The Hurewicz theorem links homotopy information, which concerns continuous deformation of
paths and loops, with homology information, which counts holes and cycles through algebraic invariants. In its classical
form, under suitable connectivity assumptions, the first nontrivial homotopy group maps to the corresponding homology
group. The conceptual bridge is:

1 (X) — Hy (X).

In the simulation, the full homotopy structure of the imputation space was not computed. Instead, a Hurewicz-like
descriptor was defined by tracking graph cycles as homological signatures of nontrivial connectivity. The first cycle count
[B; was used as an accessible representation of loop-like organization among admissible completions. This choice was
appropriate for a finite set of imputed datasets represented as a proximity graph. A tree-like graph has ; = 0, whereas
additional compatible paths among imputations increase ;. Therefore, changes in ;across scales described whether the
reconstruction space remained simple, fragmented or loop-rich. The descriptor was not interpreted as a biological
invariant, but as a mathematical summary of the imputation ensemble.

Classification metric. To relate reconstruction topology to an interpretable simulated clinical outcome, each completed
dataset was used to estimate metabolic-syndrome-like prevalence. A subject was classified as positive when at least two
of the following simulated criteria were met: body mass index of at least 30 kg/m?, fasting glucose of at least 126 mg/dL.,
systolic blood pressure of at least 130 mmHg, low-density lipoprotein cholesterol of at least 160 mg/dL or high-density
lipoprotein cholesterol below 40 mg/dL. For subject i, the classification score was:

¢; = 1(b; = 30) + 1(g; = 126) + 1(s; = 130) + 1(¥; = 160) + 1(h; < 40).

The binary classification was:

_{1, Ci>2'
% =0, ¢ <2

For each imputation k, prevalence was:
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N
1
ppk =100 x NZ qpki .

i=1

The standard deviation of p, across forty imputations quantified classification variability induced by missing data.

Error estimation. Because our simulation retained the original complete dataset, reconstruction accuracy could be
calculated directly. For each missingness level, the average imputed value for each subject and variable was computed
across forty completions. For glucose, the root mean square error was:

RMSE, =

For systolic blood pressure, the corresponding expression was:

RMSE, =

These errors were reported in mg/dL and mmHg. The error analysis was kept separate from the topological analysis.
Reconstruction error measured numerical deviation from the known simulated truth, whereas £y, 8, and proximity graphs
measured the shape of the ensemble of admissible completions. This separation allowed our simulation to compare
conventional accuracy summaries with topological summaries of imputation structure.

Software tools. All simulations, imputations, numerical analyses and figures were generated in Python. NumPy was used
for numerical array operations, random sampling and mathematical transformations. Pandas was used to organize the
simulated clinical dataset and export the summary table. Scikit-learn was used for median initialization, Bayesian ridge
regression and principal component analysis. SciPy was used to compute pairwise distances and connected components
of proximity graphs.

RESULTS

We report here the behavior of stochastic multiple imputation and topological reconstruction across progressively
increasing levels of missing data. Our analyses focused on the geometry of admissible completions, coarse-proximity
connectivity, cycle formation, reconstruction accuracy and variability of a simulated clinical classification. Quantitative
results are presented for missingness levels ranging from 5% to 50%, with forty completed datasets generated for each
condition.

Reconstruction topology. Throughout the investigated missingness range, the space of admissible imputations exhibited
an organized rather than random structure. Projection of the forty imputations generated at each missingness level into
the reconstruction space revealed partially overlapping but distinguishable clusters corresponding to different percentages
of missing data (Figure 1, upper-left inset). The number of connected components varied between 3 and 9 across the
investigated missingness levels (Figure 1, upper-right inset). Six connected components were observed at 5% and 10%
missingness, followed by seven at 20%, three at 30%, nine at 40% and five at 50%, indicating a non-monotonic evolution
of the connectivity of the reconstruction space. The first cycle count varied between 56 and 76 across the investigated
missingness levels, reaching 56 at 5% missingness and a maximum of 76 at 40% missingness. A Spearman correlation
analysis between missingness percentage and cycle count did not reveal a significant monotonic trend (p = 0.314, p =
0.544), indicating that topological complexity evolved nonlinearly rather than increasing proportionally with missingness.
The dataset displayed positive associations among body mass index, glucose, systolic blood pressure and low-density
lipoprotein cholesterol, whereas high-density lipoprotein cholesterol showed negative correlations with most
cardiometabolic variables (Figure 1, lower-right inset). Examination of the coarse-proximity graph at 40% missingness
revealed multiple densely connected local neighborhoods linked by a smaller number of bridging edges (Figure 2, left
inset). The coexistence of connected clusters and numerous cycles indicates that admissible completions formed
structured families rather than isolated realizations, suggesting that reconstruction uncertainty displayed a measurable
topological organization beyond simple numerical dispersion.

Accuracy and transitions. Reconstruction error increased progressively as larger fractions of data were removed (Figure
1, lower-left inset). Mean glucose root mean square error rose from 2.11 mg/dL at 5% missingness to 8.66 mg/dL at 50%
missingness. Mean systolic blood pressure root mean square error increased from 1.94 mmHg to 9.03 mmHg across the
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same interval. Spearman correlation analysis demonstrated a perfect monotonic relationship between missingness and
reconstruction error for both glucose (p = 1.000, p < 0.001) and systolic blood pressure (p = 1.000, p < 0.001). Variability
of estimated metabolic-syndrome prevalence also increased with missingness (Figure 1, lower-middle inset). The standard
deviation across imputations rose from 0.54% at 5% missingness to 1.54% at 50% missingness. A significant positive
Spearman association was observed between missingness and classification variability (p = 0.829, p = 0.042). Scale-
dependent analysis of the proximity graph provided additional information regarding the organization of admissible
completions (Figure 2, upper-right inset). As the coarse-proximity radius increased from 0.25 to 1.80, the number of
connected components decreased from 31 to a single connected structure, indicating progressive gluing of initially
separated reconstruction regions. Simultaneously, the number of independent cycles increased from 5 to 264 (Figure 2,
lower-right inset), showing the emergence of increasingly rich connectivity patterns as additional links were established
among imputations. The transition from numerous disconnected groups to a single connected object occurred over a
relatively narrow interval of proximity radii, indicating that the global organization of admissible completions depended
strongly on the observational scale used to define similarity relationships. Together, the numerical and topological
analyses showed that increasing missingness altered both reconstruction fidelity and the large-scale structure of the
imputation ensemble.

Overall, our results show that multiple imputation gives rise to structured spaces of admissible data completions whose
organization can be quantified independently of conventional reconstruction accuracy measures. Reconstruction error and
classification variability increased with missingness, whereas connected components and cycle counts evolved
nonlinearly. Scale-dependent coarse-proximity analysis revealed transitions from fragmented local neighborhoods to
globally connected reconstruction spaces. These findings indicate that conventional statistical summaries can be
complemented by descriptors of large-scale connectivity and topological organization.

Topological multiple imputation in a simulated cardiometabolic cohort

o : . o P :
= Space of 40 imputations per missingness level Topology of admissible completions
s 44
©
9 ° 70 1
= ¥ . " o
[} e ® 4
T 2 .® = 60
N ° ® @ 9 e ®¢ ° L
5 ° o® f~ ° e aw e S o0 ° ° ’ =
° o, L}
g ‘3. o o % ’) " ° ."’.@).0 ° ® .' o § i ~@— Components
S 014 o o8 % ° N %&%S fa ’ ®e o -~ Cycles
3, ° % ‘ &Fo % @ ?..o ') ° O
N ° o 00 ° } 2* *9 0.2 30 1
n ° Y ) [ ] °
% ' kel ) ° ®
© € -
c -2 ° & c i7" ° ° 20
-S ° Missing values
3 -3 ° ° 5% e 20% o 40% 10 A
"‘;,‘ ® 10% ® 30% ® 50%
S . . ; . . . . 01— . ; . .
9 -3 -2 -1 0 1 2 3 10 20 30 40 50
2 Reconstruction axis 1 (standardized clinical profile) Missing values (%)
Error in real clinical units Uncertainty in clinical classification s -~
y Original clinical dependence
9 1 @ Glucose 1.50 1.00
-~ Systolic BP BMI
& o i 0.75
g § 1.25 Glucose
c S 1.00 029
o g SBP
2 2 0.25
3 3 0.75
= a LDL
2 2 0.00
S S 0.50
9 a HDL
< a -0.25
—-0.50
T T T T T 0.00 - N ] Q
10 20 30 40 50 5 10 20 30 40 50 * 0@96 g 9 &
Missing values (%) Missing values (%) &

Figure 1.Topological multiple imputation in a simulated cardiometabolic cohort under increasing missingness. The figure
summarizes the behavior of our topological reconstruction approach in a simulated cohort of 240 virtual subjects
characterized by age (years), body mass index (kg/m?), fasting glucose (mg/dL), systolic blood pressure (mmHg), low-
density lipoprotein cholesterol (mg/dL), high-density lipoprotein cholesterol (mg/dL) and C-reactive protein
concentration (mg/L). Missing values were introduced at rates ranging from 5% to 50% and forty stochastic imputations
were generated for each missingness level, yielding ensembles of admissible completed datasets whose large-scale
organization was subsequently analyzed through topological descriptors.
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Upper-left inset: reconstruction space of all admissible imputations after dimensionality reduction. Each point
corresponds to one completed dataset and is positioned according to its overall clinical profile. Colors indicate the
proportion of missing values. The distribution of points provides a visual representation of the geometry of the imputation
space and the degree of separation among alternative reconstructions.

Upper-right inset: topological descriptors derived from coarse-proximity relationships among admissible imputations.
The number of connected components reflects the fragmentation of the reconstruction space, whereas the number of
independent cycles represents Hurewicz-like topological invariants characterizing nontrivial connectivity patterns.
Lower-left inset: reconstruction error expressed in clinical units. Curves correspond to the root mean square
reconstruction error of fasting glucose (mg/dL) and systolic blood pressure (mmHg) relative to the complete dataset. Both
variables exhibited a progressive increase in reconstruction error with increasing missingness, indicating a monotonic
deterioration in numerical reconstruction accuracy

Lower-middle inset: Standard deviation of estimated metabolic-syndrome prevalence across the forty imputations,
providing a measure of classification uncertainty generated by missing data. The standard deviation increased from 0.54%
at 5% missingness to 1.54% at 50% missingness, indicating progressively greater variability in prevalence estimates as
the proportion of missing observations increased.

Lower-right inset: Pearson correlation matrix of the original complete dataset, illustrating the dependence structure
among the simulated clinical variables. Positive correlations are observed among body mass index, fasting glucose,
systolic blood pressure, low-density lipoprotein cholesterol and C-reactive protein, whereas high-density lipoprotein
cholesterol exhibits predominantly negative correlations with the remaining variables. Pairwise correlation coefficients
ranged from approximately —0.45 to +0.62, indicating a moderately correlated multivariate structure that served as the
statistical basis for stochastic imputation and influenced the geometry of the admissible reconstruction space.

Scale-dependent topology of admissible imputations
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Figure 2. Scale-dependent topology of admissible imputations and coarse-proximity reconstruction. The figure illustrates
how the global organization of admissible imputations evolves as the scale of coarse proximity is varied. Results are
shown for the scenario with 40% missing values.

Large left inset: coarse-proximity graph constructed from forty completed datasets projected into the reconstruction
space. Each node represents an individual imputed dataset and edges connect pairs of imputations separated by less than
a predefined proximity radius. Node positions correspond to standardized clinical reconstruction coordinates. Clusters
identify groups of mutually similar imputations, whereas isolated nodes represent alternative reconstructions that remain
weakly connected to the dominant solution families.
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Upper-right inset: gluing transition. As the coarse-proximity radius increases, initially disconnected groups of admissible
imputations progressively merge into larger connected structures. The decreasing number of connected components
quantifies the transition from fragmented local reconstructions toward a globally integrated reconstruction space,
analogous to the assembly of local patches into a coherent global object.

Lower-right inset: cvolution of the Hurewicz-like invariant across increasing proximity scales. The number of
independent cycles increases as additional connections are established among imputations, revealing the emergence of
nontrivial topological organization within the reconstruction space.

CONCLUSIONS

We asked whether collections of datasets generated by Rubin’s multiple imputation contain an internal large-scale
organization independent of conventional statistical uncertainty measures. Specifically, we investigated whether
admissible completions form structured spaces whose properties can be described through coarse proximity,
connectedness and topological invariants. Our simulations compared multiple missingness levels in a synthetic
cardiometabolic cohort while preserving known ground truth values, allowing simultaneous assessment of reconstruction
accuracy and topological organization. We found that increasing missingness modified both the numerical reconstruction
performance and the geometry of the admissible completion space. Reconstruction errors increased progressively with
missingness, while the organization of imputations exhibited changes in connected components, cycle counts and scale-
dependent connectivity patterns. The resulting spaces were neither fully fragmented nor completely homogeneous, but
displayed structured families of admissible reconstructions connected through identifiable proximity relationships.
Therefore, uncertainty associated with missing data could be examined not only through distributions of estimated values,
but also through relationships among alternative completed datasets. Our results suggest that topological descriptors and
conventional statistical summaries capture different aspects of the reconstruction process: whereas reconstruction error
quantifies deviation from known values, topological descriptors characterize how alternative completions are arranged
relative to one another.

Our approach differs from existing missing-data methodologies in several respects. Techniques such as listwise deletion,
mean substitution, expectation-maximization algorithms, inverse probability weighting and standard multiple imputation
focus primarily on parameter estimation, prediction or uncertainty quantification (Lieberman-Betz et al. 2014; Chan 2017;
De Raadt et al. 2019; Chen et al. 2024; Niloofar, Aghdam, and Eslahchi 2024). In contrast, our approach analyzes
relationships among completed datasets themselves. Unlike principal component analysis, cluster analysis and
conventional distance-based visualization methods, which primarily describe the geometric distribution of observations
(Martins et al. 2019; Mi et al. 2019; Ben Salem and Ben Abdelaziz 2021; Jang 2021), our procedure quantifies the
topology of the imputation space through measures of connectedness and independent cycle structure. Compared with
Bayesian posterior summaries, which describe probability distributions of parameters (Alquier 2020; Huber, Georgia, and
Finley 2023; van Dijk et al. 2023; Golchi and Willard 2024), our approach investigates the organization of admissible
reconstructions generated by those distributions. Compared with sensitivity analyses based on repeated imputations
(Crameri et al. 2015; Mehrotra, Liu, and Permutt 2017; Tompsett et al. 2020), our descriptors are capable of distinguishing
situations with comparable numerical variability but different global arrangements of solutions. The use of coarse
proximity allows examination of large-scale relationships without requiring strict local similarity, while Seifert—van
Kampen-inspired gluing and Hurewicz-type descriptors provide quantitative summaries of connectivity across scales
(Bhardwaj and Tyagi 2019; Christensen and Scoccola 2023).

Our study has limitations. First, the analyses were conducted entirely on simulated data. Second, the simulated cohort
contained a restricted set of continuous variables with predefined correlation structures and did not include categorical
variables, longitudinal observations or multimodal measurements. Third, the missingness mechanism was designed to
resemble clinically plausible conditions but cannot represent the full diversity of real-world missing-data processes.
Fourth, the topological descriptors were derived from finite graphs constructed in reduced-dimensional reconstruction
spaces; alternative distance measures, dimensional reductions or graph-construction procedures could produce different
quantitative values. Fifth, the Seifert—van Kampen and Hurewicz concepts were used as operational tools for describing
connectivity and cycle structure rather than as complete algebraic-topological calculations. Sources of potential bias
include the selected proximity thresholds, the stochastic characteristics of the imputation algorithm and the peculiar
summary statistics used to define reconstruction coordinates. Unresolved questions concern the stability of topological
descriptors under different imputation models, the behavior of the method in very high-dimensional datasets, the
relationship between topological signatures and missingness mechanisms, and the extent to which different biomedical
domains produce comparable reconstruction-space organizations.

Our approach suggests experimentally testable previsions. First, empirical datasets with increasing fractions of artificially
removed observations should exhibit a monotonic increase in reconstruction error while simultaneously displaying non-
monotonic variation in topological descriptors. Specifically, the relationship between missingness and cycle counts is
expected to be weaker than the relationship between missingness and reconstruction error.
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Second, biological datasets generated from strongly constrained systems should produce fewer connected components
than datasets generated from more heterogeneous populations when analyzed at identical missingness levels and
proximity scales.

Third, repeated imputations generated by different algorithms may produce similar average estimates while exhibiting
distinct connectivity structures. This prediction can be tested by comparing graph-derived descriptors obtained from
methods such as predictive mean matching, Bayesian regression, random forests and neural-network imputations.
Fourth, increasing the coarse-proximity radius should induce a reproducible transition from multiple disconnected
reconstruction regions toward a single connected structure. The critical radius associated with this transition constitutes a
measurable observable that can be compared across datasets.

Fifth, if reconstruction spaces contain persistent organizational features, the values of connected-component counts and
cycle counts should remain more stable under repeated resampling than under randomized permutation of imputation
labels.

Sixth, datasets characterized by stronger internal correlation structures should exhibit lower critical gluing radii and denser
proximity graphs than datasets with weaker dependence structures.

Future research may investigate persistent homology, higher-dimensional topological invariants, alternative notions of
coarse similarity, information-theoretic descriptors, longitudinal missing-data processes, network-valued observations
and comparisons between synthetic and empirical datasets.

Our analysis is applied as a post-processing step to completed datasets generated by conventional multiple-imputation
procedures and therefore does not require modifications to existing data-processing pipeline. Reconstruction coordinates
can be derived from summary statistics already reported in many studies, allowing direct computation of proximity graphs
and associated descriptors. Our method can be integrated with existing quality-control procedures to compare different
imputation strategies, evaluate reconstruction consistency across repeated analyses and identify transitions in
reconstruction-space organization.

In conclusion, we investigated missing-data reconstruction from the perspective of the organization of admissible
completed datasets. Multiple imputations generated structured spaces whose connectivity and cycle properties were
quantified independently of conventional measures of reconstruction accuracy. We showed that numerical uncertainty and
topological organization could provide distinct descriptions of the same reconstruction process. Therfore, examination of
admissible completions as interconnected objects could extend the characterization of missing-data solutions beyond
parameter estimates and error metrics alone.
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Abstract

Ancient manuscripts are cultural objects encoding physical, chemical, linguistic, historical,
philosophical and social information. To unify heterogeneous disciplinary evidence within a single
relational and geometric formalism, we propose a Grothendieckian framework inspired by category
theory, sheaf theory, topoi and algebraic geometry. Each discipline is represented as an independent
graph whose nodes and edges encode its own entities and relationships. Local observations are
attached to graph neighborhoods through sections of sheaves, while structure-preserving functors
align corresponding entities across disciplinary domains. Natural transformations evaluate the
consistency of alternative mappings, while cohomological analysis identifies hidden structural
constraints. Subsequently, compatible local information is assembled using descent theory, whereas
stacks and derived categories incorporate multiple manuscript versions and their historical
evolution. The integrated relational structure is represented geometrically through schemes, with the
common invariant subgraph interpreted as the manuscript’s motive, namely the maximal relational
architecture preserved across all disciplinary representations. This approach could provide a
mathematical strategy for integrating heterogeneous evidence without privileging any single
disciplinary viewpoint. Potential applications include manuscript authentication, conservation
planning, textual criticism, comparative philology, cultural heritage analytics, historical knowledge
integration and development of interoperable artificial intelligence systems for multidisciplinary
manuscript research.

Keywords: invariants; functors; sheaves; topology; provenance

Introduction

The interpretation of ancient manuscripts requires the integration of evidence originating from
different disciplines, including paleography, philology, linguistics, chemistry, physics, history, art
history, conservation science, etc. Advances in non-destructive analytical techniques have expanded
the range of measurable properties extracted from manuscripts (Tack et al. 2016; Stabile et al. 2021;
Angelotti et al. 2026), including parchment composition, pigment chemistry, ink formulation,
radiocarbon dating, multispectral imaging and microstructural characterization (Radini et al. 2019;
Tournié et al. 2019; Autran et al. 2021; Popovi¢ et al. 2025). In parallel, computational methods have
enabled increasingly sophisticated analyses of textual organization, authorship, semantic
relationships and historical transmission (Romano et al. 2023; Ceccarelli et al. 2025). Network science,
machine learning and digital humanities have contributed tools for representing relationships among
textual units, scribes, manuscripts and historical actors (Xu et al. 2023; Chen 2024; Zhu et al. 2025).
However, relationships identified by one discipline are often compared only qualitatively across
disciplines, hindering the identification of higher-order structures. A general mathematical language
for combining different disciplinary viewpoints into a unified representation is still largely
undeveloped.

We aim to develop an axiomatic construction inspired by Grothendieckian geometry,
introducing the mathematical objects and relationships required for the geometric analysis of ancient
manuscripts (Zalamea 2015; Morone, Leifer, and Makse 2020; Sobota and Zdomskyy 2024; Gili et al.
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2024; Bennequin and Berthoz 2025; Marques 2025). Our theoretical goal is to establish a coherent
mathematical formalism capable of representing ancient manuscripts as geometric objects whose
heterogeneous disciplinary descriptions can be integrated within a single relational framework.

We regard each disciplinary viewpoint as a coherent relational world rather than an isolated
dataset (Luo 1999; Dubuc and Sanchez de la Vega 2000; Pisier 2012; McLarty 2018). Every discipline
is represented by an independent mathematical category whose objects and morphisms encode its
entities and relationships. Local observations are associated with manuscript regions through
sheaves, while functors translate information between categories and natural transformations assess
the compatibility of alternative translations. Cohomology identifies global inconsistencies, after
which compatible local descriptions are assembled by descent into a unified representation
incorporating multiple manuscript versions, historical modifications and transmission pathways
through stacks and derived categories. The resulting structure is interpreted geometrically as a
scheme from which the manuscript's motive is extracted, defined as the maximal relational
architecture preserved under all admissible discipline-preserving functors. The overall construction
is summarized in Figure 1.
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Figure 1. The construction begins by defining the mathematical objects and their relationships, before assembling
them into increasingly complex structures. Every mathematical object introduced below defines a coherent
geometric language in which physical, chemical, linguistic, historical, codicological, philosophical and
sociological evidence become different manifestations of the same underlying mathematical entity.

Initially, an ancient manuscript can be regarded as a finite collection of observations rather than

as a text. Let
M = {04,0,,...,0,}

denote the set of all observations associated with the manuscript. Each observation may correspond
to a measurable physical quantity, a chemical property, a linguistic element, a historical event, an
iconographic feature, a codicological characteristicc a philosophical concept, a sociological
relationship, etc. Since each discipline captures only one aspect of the manuscript, no hierarchy is
imposed among these observations. At the outset, the manuscript has no privileged mathematical
description. Instead, each discipline provides an independent relational representation that is
subsequently integrated into a unified geometric construction.

Each scientific discipline defines its own mathematical category. Let

Ci
denote the category associated with discipline i. Its objects,
0bj(Cy),
represent the entities studied by that discipline, whereas its morphisms,
Mor(C)),

describe admissible relationships between those entities. For instance, in the physical category,
objects may consist of parchment regions, fibres, folios or bindings, while morphisms represent
structural or mechanical relationships. In chemistry, objects become pigment samples, ink deposits
or molecular compounds connected through compositional similarities or reaction pathways.
Linguistics regards words, sentences, semantic concepts or grammatical constructions as objects
linked through syntactic or semantic relations. History introduces scribes, production centres,
historical events and ownership records connected by chronological or documentary relationships.
Philosophy may represent concepts and arguments, whereas sociology considers readers,
monasteries, libraries and transmission routes.

Morphisms stand for the elementary relations through which every category acquires structure.
If A and B are two objects of a category,

f:A->B
denotes a morphism relating them. Morphisms satisfy the axioms of identity and composition,
idg: A = A4,
and
gofiA-C,
whenever

f:A->B,g:B—-C.

Composition enables elementary relationships to be combined into increasingly comprehensive
explanatory chains. For example, a physical measurement may lead to material identification, which
may constrain technological chronology and eventually historical provenance. Similarly, a linguistic
observation may propagate through grammatical analysis toward dialect identification and
geographical localization. Therefore, complex interpretations emerge through successive
compositions of elementary morphisms rather than through isolated measurements.

Next, the manuscript could be decomposed into local regions. Let

U, €M
denote an arbitrary local domain. Depending on the investigation, a local region may correspond to
an individual folio, a paragraph, an illumination, a line of text, a pigment layer, a damaged portion
or any subset of observations. Importantly, locality is not restricted to physical neighbourhoods. Two
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distant folios sharing identical scribal characteristics may belong to the same local analytical region,
whereas neighbouring folios exhibiting different material histories may belong to distinct regions.
Locality becomes an abstract relational concept rather than a purely spatial one.
To formalize locality, the manuscript is endowed with a Grothendieck topology. Let
M])
denote a site, where ] specifies the admissible covering families
{U; - U}.

Unlike ordinary topology, a covering does not necessarily describe geometric openness but
identifies collections of compatible local observations sufficient to reconstruct larger portions of the
manuscript. The choice of coverings depends entirely on analytical coherence rather than physical
adjacency. Consequently, chemistry, linguistics and history may generate different local coverings
while still referring to the same manuscript.

Each local region carries measurable information through a sheaf. Let

F

be a sheaf over the site (M’]). Every local domain receives a corresponding collection of observations

F),
called the sections over U. Sections may contain spectra, pigment compositions, transcription data,
grammatical analyses, historical metadata, codicological measurements or any other disciplinary
observations. Whenever

Vveu,
restriction morphisms

puv:F(U) = F(V)

transfer information consistently from larger regions to smaller ones. The sheaf satisfies the classical
gluing axiom: if local sections

si € F(Uy)
agree on every overlap
U;nU;,
then there exists a unique global section
s e F)

whose restrictions coincide with every s;. Local observations become mathematically compatible
before any global interpretation is attempted.

Independent disciplinary worlds must subsequently communicate through functors. Given two
categories,

C;andC;,
a functor
F:C ~ ¢
maps objects to objects and morphisms to morphisms while preserving identity morphisms and
composition,
F(ids) = idpcay,
F(g°f)=F(g)e°F()

The preservation of relational structure distinguishes functorial translation from ordinary data
conversion. For instance, a linguistic inference regarding geographical dialect may become a
historical localization without modifying the logical relationships among the observations. Likewise,
pigment provenance inferred chemically may become a node within historical trade networks while
maintaining its original relational context. Therefore, functors translate entire relational
organizations rather than isolated variables.

Different disciplinary translations frequently coexist. Suppose two functors,

F,G:C, ~ ¢,
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produce alternative historical interpretations from the same observations. Their compatibility is
expressed through a natural transformation

n:F=4aG,
whose components

Ma: F(A) = G(4)
satisfy
Mg o F(f)=G(f)ona

for every morphism

f:A- B.

Natural transformations compare complete translations rather than individual observations.
They provide mathematical criterion for determining whether different disciplinary interpretations
remain globally coherent.

Once compatible translations have been established, global consistency becomes a
cohomological problem. Cohomology assesses whether local information can be assembled into a
coherent global description. For the sheaf F, one computes the cohomology groups

H*(M,F).

The zeroth group

H°(M,F)
contains globally compatible sections. Higher-order groups identify obstructions preventing perfect
integration. Non-trivial elements of

HY(M,F)
may point towards inconsistencies between historical chronology and chemical dating, incompatible
palaeographic assignments or conflicting restoration histories. Higher-dimensional groups detect
progressively more complex incompatibilities involving multiple disciplinary domains
simultaneously, while cohomology characterizes the manuscript through global structural
constraints rather than isolated discrepancies.

Whenever cohomological obstructions vanish, descent theory reconstructs the manuscript from
compatible local data. Given a covering

Ui},

together with compatible local sections,

s; € F(Uy),
satisfying

Si lyynu;= 8j lunu

there exists a unique global section

s EF(M)
whose restrictions reproduce every local observation. Therefore, descent provides the rigorous
mathematical mechanism through which fragmented evidence becomes a unified description.

Ancient manuscripts frequently exist in multiple manifestations. Original copies, later
reproductions, translations, commentaries, restorations and palimpsests cannot be represented
adequately as isolated objects. Their mathematical description requires stacks, which generalize
ordinary spaces by retaining equivalences and automorphisms among related objects. A stack
records not only each manuscript version, but also every symmetry relating those versions. Two
copies differing only through minor orthographic changes are distinct while preserving their
equivalence within the larger mathematical object.

Historical evolution further introduces derived categories. Instead of studying isolated objects,
one considers complexes

c
linked by differentials

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Passing to the derived category
D(©)
retains the complete history of transformations, including corrections, glosses, erasures, translations,
restorations and reinterpretations accumulated through centuries. Consequently, the manuscript
acquires temporal depth rather than being a static object.

After these constructions, every compatible disciplinary representation may be assembled into

a geometric object. Let
A
denote the algebra generated by all compatible observations and their relations. Then the manuscript
is represented by the affine scheme
X = Spec(4),

whose points correspond to prime ideals encoding coherent relational structures rather than
individual measurements. This means that material composition, textual organization, historical
context and semantic organization could become geometric coordinates of the same mathematical
space.

Comparisons among manuscripts originating from different cultures require invariants
independent of vocabulary or local conventions. Etale morphisms preserve local structure while
allowing global comparison among distinct schemes. Etale cohomology identifies deep
correspondences invisible to ordinary textual comparison, revealing structural similarities among
manuscripts despite differences in language, script or cultural tradition.

The final mathematical object sought by our construction is the manuscript’s motive. Inspired
by Grothendieck’s notion of motives in algebraic geometry (Huber 1995; Rej and Marcolli 2011; Baez
2025), we introduce a new operational definition. Let

F={F}
denote the collection of all admissible discipline-preserving functors acting on the manuscript’s
geometric representation. The manuscript motive is defined as the maximal invariant relational
structure preserved under every admissible functorial translation,
o) = () Fe (0.
Fo€F

This invariant does not correspond to any single aspect of the manuscript, whether physical,
textual, chemical, historical or cultural. Instead, it represents the largest relational architecture
surviving every mathematically admissible disciplinary perspective. The motive constitutes the
manuscript’s structural identity, i.e., the organization simultaneously preserved by its material
composition, textual content, historical evolution, semantic architecture and social transmission.

Overall, our approach transforms an ancient manuscript from a heterogeneous collection of
observations into a unified geometric object whose invariant relational structure is represented
within a Grothendieckian geometry.

Table 1. Sequential construction of the proposed Grothendieckian geometry of ancient manuscripts. The table
summarizes the mathematical objects introduced during the progressive transformation of an ancient
manuscript from a heterogeneous collection of multidisciplinary observations into a unified geometric object.
The final invariant, defined as the manuscript’s motive, is the maximal relational structure preserved across all

admissible disciplinary representations.

Grothendieckian Mathematical . . Role in manuscript
Step . Manuscript features examined
concept object geometry

Parchment, inks, pigments,
1 Observations M = {04, ..., 04} text, dates, provenance,
annotations

Collect all available
evidence

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Physics, chemistry, linguistics,

Separate disciplinary

2 Categori C; history, codicology,
ategories f istory, codicology worlds
philosophy, sociology
. Folios, pigments, words, .
Objects & f ! pgments, wor . Define elementary
3 . ASB scribes, places and their .
morphisms . . relational structure
relationships
Individual folios, paragraphs, Partition the manuscript
4 Local regions U, EM . .. paragrap . . P
illuminations, damaged areas into local domains
Compatible local analytical Define admissible local
5 Site ) P , y ,
regions observations
6 Sheaf FU) Spect}ra, OCR, grammar, As‘sociate observati‘ons
codicology, metadata with each local region
Correspondence between Translate one
7 Functor F:C; - G material, textual and historical ~ disciplinary description
evidence into another
Natural Independent provenance or Compare alternative
8 . n:F=G . . .
transformation dating hypotheses interpretations
Dating conflicts, inconsistent
x & .. Detect global
9 Cohomology H*(M,F) provenance, missing . . .
. K inconsistencies
information
10 Descent seFM) Compatible mult%disciplinary Reconstruct the.complete
observations manuscript
1 Stack x Copies, editif)ns, tra.nslations, Represent I.n.anuscript
commentaries, palimpsests families
Corrections, glosses,
g ! Describe temporal
12 Derived category D(C) restorations, historical . P
. evolution
revisions
Integrated physical, textual, Construct the
13 Scheme X = Spec(4) historical and semantic manuscript’s geometric
information space
Related manuscripts from
, Reveal deep structural
14 Etale cohomology HE) different languages or vea p Sructira
.\ correspondences
traditions
Extract the manuscript’s
. Stable multidiscipli . .
15 Motive M(M) able mutidiscipimaty universal relational

relationships

identity

Illustrative Theoretical Construction of the Manuscript Motive

To clarify how our mathematical construction may be applied in practice, we consider a

hypothetical ancient manuscript. Each mathematical step follows from the definitions introduced in

the preceding sections.

At first, we identify the observable characteristics of the manuscript. Rather than privileging

textual information, all measurable or interpretable features are considered equally informative. The
physical description includes the writing support, folio organization, parchment morphology,
binding structure and page layout. Chemical observations comprise ink composition, pigment
distribution and material degradation. Linguistic analysis identifies lexical usage, grammatical
organization and semantic relationships among textual units. Historical investigation reconstructs
chronology, provenance, ownership and documentary references, whereas codicology characterizes
quire structure, pagination, scribal practices and corrections. Additional disciplinary perspectives,
including iconography, philosophy or sociology, may contribute further observations whenever
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appropriate. At this stage, the manuscript is still a heterogeneous collection of independent
observations. Each disciplinary description is represented as an independent category whose objects
correspond to the entities examined within that discipline and whose morphisms encode their
internal relationships. For instance, physical objects may consist of parchment regions connected by
structural continuity, chemical objects of pigment samples linked by compositional similarity,
linguistic objects of words or concepts connected by syntactic or semantic relations, and historical
objects of places, individuals or events linked by chronological dependencies. Every category
develops its own internal relational architecture independently of the others. The first mathematical
outcome of this stage is a collection of coherent but mutually disconnected relational worlds, each
describing one aspect of the manuscript.

Subsequently, the manuscript is decomposed into local analytical regions. These regions need
not correspond exclusively to physical subdivisions such as folios or pages, but may equally
represent paragraphs, illuminated initials, marginal annotations, damaged areas or any subset of
observations sharing analytical coherence. Every local region receives a collection of disciplinary
observations represented as sections of appropriate sheaves. Restriction morphisms ensure that
information is internally consistent when passing from larger regions to smaller ones. Whenever
neighbouring regions contain compatible observations, the sheaf axioms guarantee that they can later
be assembled into a unique global description. The principal outcome of this stage is the replacement
of isolated measurements by mathematically consistent local descriptions distributed across the
manuscript.

Then, relations among the independent disciplinary categories are established through functors.
Correspondences between chemistry and history may associate pigment provenance with historical
trade networks, while linguistic characteristics may be translated into geographical localization or
chronological attribution. Codicological observations may similarly constrain historical
reconstruction through quire organization or scribal practice.

Subsequently, natural transformations compare these independent translations. If multiple
disciplinary pathways converge toward the same interpretation, the corresponding natural
transformations express their compatibility. Conversely, incompatible translations reveal regions
requiring further investigation. At this point, the manuscript is no longer represented by independent
disciplinary descriptions, but by an interconnected network of mathematically compatible
relationships.

The global consistency of these relationships is examined through cohomological analysis.
Rather than focusing on individual observations, cohomology evaluates whether the complete
collection of local sections can be assembled into a globally coherent object. Compatible observations
contribute to the zeroth cohomology, whereas higher-order cohomology groups identify
incompatibility, missing information or structural contradictions linking several disciplinary
domains simultaneously. When these obstructions are absent or sufficiently resolved, descent theory
reconstructs a unique global object by gluing all compatible local descriptions. The resulting
mathematical object represents the manuscript as an integrated relational entity rather than as the
sum of independent analytical results.

Then, the construction is extended to incorporate the manuscript’s historical complexity.
Multiple copies, translations, editions, restorations and commentaries are represented as objects
within a stack, preserving both their individual identities and their mutual equivalences. Derived
categories further incorporate successive historical transformations, including revisions, glosses,
interpolations and corrections, allowing the manuscript to be represented together with its temporal
evolution rather than as a static document.

Subsequently, the integrated algebra generated by all compatible observations is transformed
into a geometric object through the construction of a scheme. At this stage, material composition,
textual organization, historical transmission and conceptual architecture become different coordinate
systems describing the same underlying geometric space.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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The final step consists of identifying the manuscript’s motive. Every admissible discipline-
preserving functor provides an alternative representation of the geometric object. The structures
invariant under all such representations are retained, whereas discipline-specific features not
surviving these translations are discarded. The remaining invariant relational architecture constitutes
the manuscript’s motive according to our operational definition. The expected theoretical outcome is
not a numerical value or statistical descriptor, but a geometric object representing the structural
identity of the manuscript. This object simultaneously captures information shared by physical
composition, textual organization, historical development, semantic structure and cultural
transmission while remaining independent of any individual disciplinary viewpoint. Consequently,
two manuscripts differing in language, material support or historical context may nevertheless
possess closely related motives if their deepest relational organization is preserved, whereas
apparently similar manuscripts may exhibit distinct motives when their invariant structures differ.

Overall, the mathematical concepts introduced throughout the manuscript could combine into
a single coherent sequence leading from local multidisciplinary observations to a geometric
representation of ancient documentary knowledge.

Conclusions

We asked whether heterogeneous evidence in ancient manuscripts can be represented within a
single mathematical language rather than fragmented among independent disciplinary analyses. We
aim to provide a coherent language in which material, textual, historical and conceptual evidence can
be represented within a common geometric setting. we introduced a Grothendieckian construction
that progressively transforms multidisciplinary observations into a unified geometric object through
categories, morphisms, sites, sheaves, functors, natural transformations, cohomology, descent theory,
stacks, derived categories and schemes. The motive was defined as the maximal invariant relational
structure preserved under all admissible discipline-preserving functors.

Our study has limitations. Our construction is theoretical and avoids simulations or applications
to individual manuscripts, leaving future studies to evaluate computational feasibility and practical
implementation. Several concepts adopted from Grothendieck’s mathematics, particularly motives,
schemes and stacks, are introduced through operational definitions adapted to manuscript analysis.
Specialists in algebraic geometry may regard our definitions as analogical extensions rather than
direct applications of the original theory. We do not specify unique algorithms for defining
admissible coverings or selecting functors. Generalizability requires to be established across
manuscript traditions differing in age, preservation, language or documentary complexity.
Additional questions are unanswered, including uniqueness of the extracted motive, stability of the
invariant under incomplete observations, relationship between different admissible geometric
constructions and computational complexity associated with large manuscript corpora.

Our approach suggests experimentally testable hypotheses. First, independently constructed
disciplinary graphs describing the same manuscript should converge toward a common invariant
relational substructure after functorial alignment. This prediction can be evaluated by measuring
graph similarity before and after alignment using graph edit distance, graph kernels or spectral
similarity, with the expectation that aligned representations will exhibit significantly higher
structural agreement than randomly permuted graphs.

Second, the size of the extracted motive should increase as additional complementary disciplines
are incorporated until reaching a stable plateau, providing a measurable convergence criterion for
multidisciplinary integration.

Third, manuscripts belonging to the same textual tradition should exhibit more similar motives
than unrelated manuscripts even when written in different languages, scripts or materials. Similarity
could be quantified through graph isomorphism scores, persistent topological descriptors or
distances between invariant subgraphs, with manuscript families expected to cluster significantly
more closely than unrelated controls.
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Fourth, manuscripts containing later interpolations, restorations or forged additions should
produce localized cohomological inconsistencies that coincide with independently established
historical anomalies. Their detection sensitivity and specificity could be quantified against expert
annotations.

Fifth, successive historical copies should preserve the original invariant structure despite
physical or linguistic modifications. A measurable expectation is that invariant-node retention
decreases more slowly than overall graph similarity as copying distance increases.

Future investigations could develop explicit computational algorithms, compare alternative
categorical representations, study the uniqueness and stability of manuscript motives under noisy or
incomplete observations, and extend the formalism to archaeological artefacts and documentary
archives.

Beyond manuscript research, our approach may support the development of interoperable
analytical environments in which heterogeneous evidence can be represented without privileging
any single discipline. These representations could facilitate communication among historians,
conservators, philologists, chemists, physicists and computer scientists by providing a common
relational vocabulary rather than discipline-specific data structures. Museum collections, digital
repositories and cultural heritage databases could benefit from mathematically consistent
descriptions capable of integrating material analyses, textual metadata and historical documentation
within the same formal representation. Also, our framework may stimulate new educational
approaches in which abstract concepts from category theory and algebraic geometry are illustrated
through tangible historical objects, encouraging the development of common standards for
multidisciplinary knowledge representation.
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ABSTRACT

Bradyseism at Campi Flegrei is usually interpreted in terms of hydrothermal pressurization and magmatic degassing.
Fluid flow, often treated as a passive response to pressure accumulation, is commonly modeled using simplified
geometries and homogeneous permeability fields. We introduce a model in which phase transition, structural
heterogeneity and geometric asymmetry jointly influence fluid flow and pressure distribution within a heterogeneous
subsurface environment. We hypothesize that coupling among phase change, density gradients and flows may follow a
mechanism similar to the self-propulsion observed in asymmetric floating bodies like melting ice blocks, where phase
change generates buoyancy-driven currents along their inclined surfaces and net motion in the opposite direction. We
simulate pressure evolution in a shallow gas-rich reservoir subject to time-dependent forcing and hydraulic relaxation,
coupled to buoyancy-enhanced Darcy flow along prescribed preferential pathways. Our numerical simulations,
grounded in reported deformation rates and seismicity depths at Campi Flegrei, reproduce temporal variations in uplift
and the persistence of spatially localized flow. Within this framework, asymmetric geometry may promote channelized
upward transport, while phase change may enhance buoyancy and contribute to pressure redistribution. Our model
predicts nonlinear uplift acceleration, shallow localized seismicity and velocity scaling with pressure and buoyancy.
Integration with existing multiphase models would enable the examination of how buoyancy-driven flows influence
pressure evolution and deformation during volcanic unrest.

KEYWORDS: permeability; buoyancy; degassing; poroelasticity; convection.

INTRODUCTION

Bradyseism at Campi Flegrei is investigated through geodetic, geochemical and geophysical observations, with a focus
on hydrothermal pressurization, magmatic degassing and poroelastic deformation of the shallow crust (Acocella 2021;
Picozzi and Iaccarino 2021; Di Martino et al. 2022; Astort et al., 2024; Barone et al. 2025). Ground uplift is described as
the response to pressure variations within a gas-rich reservoir, often located between two- and four-kilometers depth, fed
by deeper magmatic sources (Martini et al. 2008; Guidoboni and Ciuccarelli 2011; Zaccarelli and Bianco 2017; Sabbarese
et al. 2020; Giacomuzzi et al. 2024; Tramelli, Tan et al. 2025). Integration of multiphase fluid flow, thermal effects and
mechanical deformation provides quantitative reconstructions of recent uplift episodes and seismicity patterns. These
approaches often assume isotropic and homogeneous permeability fields, treating fluid migration primarily as a diffusive
or pressure-driven process (Sbrana, Marianelli, and Pasquini 2021; Convertito, and Godano 2024; Chalumeau et al. 2024;
Di Toro 2025). This perspective constraints the ability to capture spatially localized deformation, transient accelerations
and the organization of fluid pathways observed in seismic tomography and resistivity data. Still, phase transitions like
boiling and gas exsolution are incorporated as source terms without explicitly addressing their role in structuring flow
patterns. As a result, the coupling between structural asymmetry, phase change and directed fluid motion is still
unresolved.

We introduce a theoretical formulation in which geometric asymmetry and phase change jointly influence fluid flow and
pressure distribution. We consider a shallow reservoir subject to time-dependent input from a deeper source and to internal
transformations associated with gas exsolution and boiling. Pressure evolves according to a balance between source input
and hydraulic relaxation, while fluid velocity is determined by permeability, viscosity, pressure gradients and buoyancy
arising from density contrasts. Coupling among phase change, density gradients and directed flow could be viewed in
analogy with the melting-driven self-propulsion observed in asymmetric floating bodies, where phase change induces
buoyancy-driven currents and net motion through momentum exchange with the surrounding fluid (Berhanu et al. 2026).
In our setting, preferential pathways are introduced in terms of geometric features representing heterogeneous
permeability and structural discontinuities. Phase change enhances buoyancy and modifies local density, amplifying
upward transport along these pathways and redistributing pressure within the reservoir. We provide numerical simulations
based on recent monitoring data of Campi Flegrei to explore how transient forcing, relaxation timescales and pathway
geometry could influence the temporal evolution of uplift and surface deformation’s localization.
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METHODS

We studied the recent unrest of Campi Flegrei through a quantitative model coupling reservoir pressurization, phase
change, buoyancy-enhanced flow and surface deformation within an asymmetric subsurface geometry. We used published
monitoring constraints on uplift, seismicity depth, reservoir structure and degassing to parameterize a time-dependent
simulation. By combining temporal evolution of pressure with spatially organized flow and a simplified mechanical
response, we tested whether the interaction between phase change and imposed geometric asymmetry could reproduce
both the temporal variability and spatial localization observed during recent unrest.

Observational constraints and quantitative parameterization. The parameter space was constrained using recent
observational data (De Landro et al. 2025; Rapagnani et al. 2025). The February 2026 surveillance bulletin reported 254
earthquakes, with 192 located events concentrated within the upper 3 km and maximum depth of 4.5 km (INGV-
Osservatorio Vesuviano 2026). Uplift rates were approximately 15 + 3 mm month™?! from April to early October 2025,
increased to 25 + 3 mm month™? after October 2025 and decreased to about 10 + 3 mm month™tby early February
2026. The cumulative uplift at Rione Terra reached 162.5 cm since November 2005, with 24.5 cm since January 2025.
Structural models indicate a shallow gas-rich reservoir between 2 and 4 km, a caprock between 1 and 2 km and deeper
magmatic sources below 4 km. Weekly geochemical monitoring reported fumarolic temperatures near 95°C at Pisciarelli
and about 173°C at Solfatara. These quantities were used to delimit physically plausible ranges for temperature, density
contrast and fluid properties.

Pressure evolution and source-term representation. The shallow reservoir was represented through a time-dependent
excess pressure P(t) in MPa. Its evolution was described by the first-order differential equation

dP  S(t) —P(t)

dt B Tp ’
where S(t) is an effective source term and 7, is a hydraulic relaxation time. This formulation assumes that pressure

increases due to deep input and internal phase transitions and decreases through leakage and redistribution. The source
term was written as

S(t) =P, + Plexp( _t ;dto)'

where P, is a background level, P; is a transient amplitude and 7, is a decay timescale. Parameters were set to P, =
1.00 MPa, P; = 1.50 MPa, 75, = 4.0 months and t; = 3.5 months, with ¢, corresponding to October 2025. Numerical
integration was performed using an explicit Euler scheme with time step At = 1 month:
Sn B Pn
Th

Poyy = Py + At

This equation compresses multiple processes, including degassing and boiling, into a single effective forcing and does
not explicitly model thermodynamic phase equilibria (Danesi et al. 2024; Hainzl, Dahm and Tramelli 2026).

Darcy-buoyancy flow and phase-change contribution. Fluid motion was described using a Darcy-type relation

combining pressure gradient and buoyancy effects:

§<P(t) x 10°
L

u(t) = P +Ap g).

Here k is permeability, ¢ is dynamic viscosity, L is the vertical extent of the flow path, Ap is the density contrast
induced by phase change and g is gravitational acceleration. The pressure term accounts for forced flow, while the
buoyancy term represents the effect of vapor exsolution and heating. Values used were k = 2 X 107 m?, u =

1.5 X 1075 Pas, L = 3000 m and Ap = 250 kg m~3. The resulting velocity was converted from m s~ to m day™*.
This linear combination neglects multiphase interactions, compressibility and feedback between flow and permeability
and should therefore be interpreted as a simplified representation of transport (Tan et al. 2025; De Landro et al. 2025).

Surface deformation and calibration procedure. Surface uplift w(t) was linked to pressure through

W _ b +b
dt_a() 4

with a = 0.8333 mm month™ MPa™! and b = 9.1667 mm month™!. The discrete update equation was
aP, +b

10 '’

Wni1 = Wy +
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where division by 10 converts millimeters to centimeters. The initial condition was w(t,) = 151.0 cm. This relation is
calibrated to reproduce observed uplift rates rather than derived from elastic theory. A secondary diagnostic for seismicity
was introduced:

N(t) = Noexp [B(w(t) — wo)],

with N, = 18 events month™! and § = 0.06 cm™!. This variable was used to verify qualitative consistency between
deformation and seismic activity (Hainzl, Dahm and Tramelli 2026; INGV-Osservatorio Vesuviano 2024).

Geometric construction of asymmetric flow pathways. To represent structural heterogeneity, a two-dimensional section
was defined with horizontal coordinate x € [—3,3] km and depth z € [0,5] km. A curved pathway was prescribed as
x:(z) = —0.6 + 0.45(5 — z) — 0.06(5 — 2)?,

with width
0(z) = 0.28 + 0.06(5 — 2).

The velocity field was constructed as

V(x,2) = Voexp —% [0.35 + 0.65exp ( _%ﬂ

This formulation produces a localized high-velocity corridor connecting deeper and shallower regions. The geometry is
imposed and represents a hypothesis about preferential pathways rather than a reconstruction derived from data
(Giudicepietro et al. 2025).

Nonlinear interaction between asymmetry and phase change. To explore the interaction between structural asymmetry
and phase change, we defined two dimensionless parameters A(asymmetry index) and B(phase-change intensity). Uplift
acceleration was expressed as

a(A,B) = C A3?B?,

with C = 40 mm month~2. This expression is not derived from physical principles but constructed to test whether
nonlinear coupling produces distinct regimes. The resulting surface was evaluated over A4, B € [0,1]. This step provides
a hypothesis-generating exploration rather than a validated prediction.

All computations were performed in Python using NumPy for numerical arrays, pandas for time handling and Matplotlib
for visualization. Temporal integration covered monthly intervals from October 2025 to February 2026. Spatial fields
were evaluated on regular grids. Units were maintained explicitly. The workflow consisted of parameter selection, time
integration of pressure, computation of velocity and mapping of spatial distribution. Since no automated inversion,
uncertainty quantification or statistical fitting was performed, our outputs should be interpreted as representative
simulations illustrating possible system behavior rather than validated reconstructions.

RESULTS

Our simulated pressure increases briefly and then relaxes over the imposed hydraulic timescale. This produces an uplift
rate that decreases from higher to lower values over a few months. Within the explored parameter range, the relationship
between pressure and uplift rate is approximately linear, with uplift rates decreasing smoothly as pressure declines.
Upward fluid velocity, computed from combined pressure gradient and buoyancy contributions, shows a monotonic
dependence on pressure, confirming that both contributions act coherently under our formulation. The vertical section
shows that flow is not uniformly distributed but is concentrated along a curved pathway connecting deeper and shallower
regions (Figure 1). This localization persists throughout the simulated temporal evolution, indicating that spatial
organization could be controlled primarily by the imposed geometry rather than by instantaneous pressure amplitude.
Overall, the combined evolution of pressure decay, declining uplift rates and persistent flow localization points towards
the possible coexistence of temporal variability and spatial organization within our simplified formulation.

Interactions between geometric asymmetry and phase change. The two-parameter exploration of geometric
asymmetry and phase-change intensity provides a model-based prediction of a nonlinear response in uplift acceleration
(Figure 2). For low values of either parameter, uplift acceleration is close to zero across the explored domain, indicating
that neither asymmetry nor phase change alone produces significant dynamic amplification. When both parameters
increase simultaneously, the system is predicted to transition to a regime characterized by rapidly increasing uplift
acceleration, with values rising sharply beyond intermediate thresholds. The resulting surface exhibits a convex shape,
indicating superlinear coupling between the two variables rather than additive behavior. The absence of intermediate
regimes with moderate acceleration suggests that the system may organize into distinct dynamical states under our
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assumptions. This prediction identifies a potentially discriminable signature, i.e., a transition from gradual to accelerated
deformation as both structural asymmetry and phase-change intensity increase, which can be tested against observational
data.

Overall, our simulations suggest that pressure evolution, phase change and geometric asymmetry can be combined in a
reduced quantitative description to assess time-dependent uplift and spatially localized flow.

Simulated channelized upflow beneath Campi Flegrei
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0.00
-3 -2 -1 0 1 2 3
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Figure 1. Simulated vertical section of channelized upflow beneath Campi Flegrei. The horizontal axis represents lateral
distance in kilometers across the caldera, while the vertical axis indicates depth in kilometers from the surface to
approximately 5 km. Color shading and superimposed contours quantify upward fluid velocity in meters per day,
computed from a permeability—buoyancy formulation combining pressure gradients and density contrasts associated with
phase change. The curved high-velocity corridor delineates a preferential pathway linking a deeper source region at
approximately 4-5 km depth to a shallower gas-rich reservoir at approximately 2—3 km depth. The increase in velocity
toward shallower depths, attributed to the combined effects of pressure-driven flow and buoyancy, is proposed as a
hypothesis within our model and not directly inferred from empirical data.
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Predicted nonlinear uplift acceleration regime
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Figure 2. Hypothesized interaction between geometric asymmetry and phase-change intensity based on our model
assumptions. Contour plot of predicted uplift acceleration (mm/month?) as a function of geometric asymmetry
(dimensionless) and phase-change intensity (dimensionless), representing a model prediction. Uplift acceleration is low
when either parameter is small, but increases rapidly when both exceed intermediate values. This cooperative
amplification departs from additive behavior commonly assumed in hydrothermal models. The convex surface indicates
a superlinear response, suggesting a transition between gradual and accelerated deformation.

CONCLUSIONS

We asked whether bradyseism at Campi Flegrei can be interpreted not only as pressure accumulation, but also as directed
fluid motion arising from the interaction between phase change and geometric asymmetry. This approach is motivated by
a physical observation: an asymmetric ice block melts unevenly, producing dense water that flows along its surface and
generates a force that drives motion in the opposite direction. This illustrates how phase change and asymmetry can
organize fluid motion. Therefore, we isolate a minimal set of variables linking flow organization to measurable quantities
like uplift rate and depth distribution of activity. The coupled effect of asymmetry and phase change allows discrimination
between gradual and accelerated deformation regimes within the same parameter space.

Our simulations compare time-dependent pressure evolution, buoyancy-driven flow and surface deformation within
ranges constrained by monitoring data. A transient pressure increase followed by hydraulic relaxation reproduces
observed uplift-rate variations, while asymmetric permeability leads to persistent localization of upward flow. In our
simulations, fluid migration is organized along preferential paths connecting deeper and shallower regions rather than
being uniform. The coupling between pressure gradients and density contrasts sustains coherent upward velocities even
as pressure declines. In addition, the interaction between asymmetry and phase change produces nonlinear transitions in
uplift dynamics. These results indicate that deformation at Campi Flegrei may reflect organized fluid transport controlled
by the coupled effects of geometry and phase change

Our study has limitations. The governing equations are not derived from principles of multiphase thermo-poroelasticity.
The source term S(t) and the linear relation between pressure and uplift are introduced as calibrated components rather
than independently validated quantities. The Darcy—buoyancy formulation assumes a linear combination of pressure
gradient and density contrast, neglecting two-phase flow effects, compressibility and time-dependent permeability, all of
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which are relevant in the context of Campi Flegrei. The representation of geometric asymmetry relies on an imposed
preferential pathway rather than one inferred from geophysical inversion. The nonlinear interaction is built through
parameter choice and should be interpreted as a testable hypothesis rather than a derived law. Open questions concern
how permeability evolves under repeated pressurization, how multiphase interactions modify effective density contrasts
and how transient structural changes alter pathway stability.

Our model yields testable previsions. First, if phase change and geometric asymmetry jointly control deformation, then
uplift acceleration should display a nonlinear dependence on indicators of fluid input and structural focusing. Specifically,
the time derivative of uplift rate is expected to increase superlinearly when both gas flux and inferred pathway anisotropy
rise, whereas it should remain near zero if only one factor varies.

Second, upward fluid velocity along preferential zones should scale with pressure according to a linear-plus-buoyancy
relation, implying that geophysical proxies of fluid movement, such as seismic attenuation or resistivity anomalies, should
increase proportionally to estimated overpressure within a defined range.

Third, the depth distribution of seismicity should remain confined within the upper three to four kilometers when flow is
strongly localized, with a measurable concentration gradient aligned with the inferred pathway. These predictions can be
tested through time-resolved comparisons between uplift rate, gas emissions and subsurface imaging.

Practical implications concern the integration of physically interpretable variables into monitoring strategies. The explicit
computation of pathway-dependent velocity fields enables the construction of indicators sensitive to changes in
subsurface transport efficiency. This may support the development of diagnostic thresholds based on combined geodetic
and geochemical signals, allowing classification of unrest phases according to internal system organization rather than
solely on amplitude measures. Our approach can also shape the design of monitoring networks, by identifying areas where
measurements are most likely to capture early changes in subsurface dynamics. In addition, our formulation facilitates
rapid updating of model states as new data become available, enabling continuous tracking of system evolution with
limited computational cost.

In conclusion, we show that deformation, fluid migration and internal structure can be assessed within a unified
quantitative description, albeit within a reduced representation. Our approach suggests that subsurface processes’
organization, influenced by structural heterogeneity, geometric asymmetry and phase change, may jointly influence fluid
migration at Campi Flegrei. This perspective provides an interpretation of temporal variability and spatial localization,
while remaining compatible with existing multiphase and poroelastic descriptions.
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Abstract

Extensions of classical logic like Kripke models, branching-time semantics and proof trees introduce
hierarchical structures, yet inference is independent of the hierarchy itself. We ask: can hierarchy
become the mathematical principle from which inference is generated, rather than merely organizing
logical states? p-adic geometry provides a natural setting for addressing this question by replacing
Euclidean proximity with hierarchical proximity defined by shared ancestry. Its canonical geometric
realization, the Bruhat-Tits tree, describes information as a sequence of successive refinements,
therefore providing a natural substrate for hierarchical logical evolution. Building on this structure,
we introduce an ultrametric logic in which propositions correspond to progressively refined
informational states, logical proximity is determined by ultrametric distance and negation is
interpreted as divergence between refinement branches. We evaluated this formulation through
mathematical simulations on a finite Bruhat-Tits tree, quantifying proposition clustering, refinement
trajectories, ultrametric neighborhoods and persistence during successive refinement steps. Our
simulations generated coherent hierarchical organization, stable proposition classes and increasing
inferential affinity among propositions sharing longer refinement histories, supporting a geometric
interpretation of logical inference driven by hierarchical refinement.

Keywords: ultrametric; refinement; persistence; hierarchy; inference

Introduction

Classical logic assigns truth values to propositions and inference rules preserving validity under
well-defined semantic or syntactic conditions. Since Aristotle, binary truth and the principles of non-
contradiction and excluded middle have provided the conceptual basis for most logical systems,
while subsequent developments have broadened rather than replaced this foundation (Parry and
Hacker 1991; Rothhaar 2020; De Rizzo 2025; Decker 2025; King and Raspa 2025). Predicate logic
extended propositional reasoning through quantification, modal logic incorporated necessity and
possibility, intuitionistic logic reformulated truth in constructive terms (Tarannum and Jabin 2022;
Brunet 2023; Hamdy et al. 2024; Ciardelli 2025; Gao et al. 2025; Litland 2025; Montambault et al. 2025;
von Plato 2025). Kripke semantics introduced partially ordered structures to represent evolving
information, branching-time logics modeled multiple possible futures, while paraconsistent systems
investigated controlled forms of contradiction (Oshiyama et al. 2012; Da Silva Filho et al. 2016; Da
Silva Filho et al. 2021; Bonzio et al. 2023; Olkhovikov 2024; Fernandez-Vilas et al. 2026).

In parallel, mathematical logic has increasingly adopted geometric and topological perspectives,
including sheaf-theoretic semantics, categorical logic and domain theory, in which relationships
among propositions are interpreted through structures richer than simple truth assignments.
Nevertheless, geometry serves as a semantic or organizational framework rather than as an active
determinant of inference. Tree-like structures are employed to represent proofs, accessibility relations
or temporal branching, but their metric properties do not influence the logical process itself (Sgurev
2021; Sgurev 2022; Dedhe et al. 2023; Wang et al. 2025). Likewise, hierarchical representations in
computer science and artificial intelligence primarily organize information or computation, while
inference is governed by syntactic or semantic rules independent of the underlying geometry.
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Consequently, existing logical frameworks lack an intrinsic notion of distance between propositions,
gradual refinement governed by a geometric metric or inferential strength emerging directly from
hierarchical organization.

We introduce a logical framework in which the geometry of the Bruhat-Tits tree becomes an
integral component of logical reasoning rather than a descriptive representation. The Bruhat-Tits tree,
arising naturally in p-adic geometry, provides an ultrametric hierarchical space in which proximity
is determined by the depth of shared ancestry instead of Euclidean distance (Zabrodin 1989; Chen,
Liu, and Hung 2021; Ludwig and Merten 2026). We reinterpret this structure as a logical environment
where propositions are not regarded as isolated entities endowed with fixed truth values, but as
successive refinements of more general informational states. Each refinement generates increasingly
specific propositions while preserving their genealogical relationships within the hierarchy. Logical
proximity is established by the amount of refinement history shared by two propositions, allowing
similarity, inferential transfer and proposition stability to acquire precise geometric meanings. In this
formulation, negation is interpreted as divergence between refinement branches rather than as an
elementary complement, whereas logical robustness depends on persistence across successive
refinements instead of exclusively on binary evaluation.

To illustrate how ultrametric geometry could organize inference and reveal structural properties
that remain inaccessible in logical systems lacking an explicit hierarchical metric, we perform a
qualitative simulation on a finite approximation of a Bruhat-Tits tree in which propositions evolve
through iterative refinements. Our simulation follows the formation of hierarchical proposition
clusters, the emergence of refinement trajectories, the evolution of ultrametric neighborhoods and the
persistence of propositions across increasing refinement depth.

We will proceed as follows. First, we introduce the mathematical apparatus of Bruhat-Tits trees
and ultrametric geometry together with our proposed logical framework. Then, we describe the
qualitative simulation and analyze the resulting refinement structures. Finally, we discuss the
theoretical implications of ultrametric inference, compare the framework with existing logical
systems and outline future research directions.

Mathematical Frameworks of Bruhat-Tits Trees, Ultrametric Geometry and
Hierarchical Refinement

Our logical framework is based on the hypothesis that logical inference can be embedded in a
hierarchical geometric space rather than restricted to symbolic manipulations over isolated
propositions. Instead of assuming that every proposition P has a truth value T(P) € {T, 1}, we
consider propositions as occupying positions within a progressively refined informational hierarchy.
This hierarchy is modeled by the Bruhat-Tits tree, a canonical object of p-adic geometry whose
ultrametric organization represents successive refinements of information. Consequently, reasoning
is interpreted as navigation through this hierarchy rather than as the evaluation of propositions in a
flat logical space.

The mathematical basis originates from the p-adic number system. In Euclidean geometry, the
distance between two points x and y is measured by

de(r,y) =lx =y,
where proximity depends upon physical or numerical separation. In contrast, p-adic geometry
introduces a completely different metric. Given a prime number p, every non-zero integer can be
decomposed into powers of p. The larger the common power shared by two numbers, the closer they
become. Their distance is defined as

dp(x,y) = p~*,
where v,(x —y) denotes the highest exponent of pdividing the difference x — y. Unlike Euclidean
distance, this metric measures hierarchical similarity rather than spatial separation. Two objects are
close because they share a long common refinement history, not because they occupy neighboring
positions in continuous space.

The p-adic metric satisfies the ultrametric inequality
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d(x,z) < max{d(x,y),d(y,2)},
which is stronger than the ordinary triangle inequality
d(x,z) <d(x,y) +d(,2).

Balls become nested rather than overlapping, every point inside a ball is simultaneously one of
its centers and neighborhoods naturally organize themselves into recursive hierarchies.
Consequently, ultrametric spaces are intrinsically tree-like, making them particularly appropriate
whenever successive refinements are more fundamental than continuous variation.

The Bruhat-Tits tree provides one of the canonical realizations of this ultrametric geometry.
Mathematically, its vertices correspond to equivalence classes of lattices over a p-adic field, while
edges represent elementary transformations between neighboring classes. We do not use this
algebraic interpretation directly, but rather reinterpret the Bruhat-Tits tree as an epistemic space,
where vertices correspond to informational states and edges represent elementary refinement
operations. The mathematical structure is preserved, whereas its interpretation changes from
arithmetic to logic.

Let
T=(,E)

denote the Bruhat-Tits tree, where V is the set of vertices and Ethe set of edges. A mapping
O:P -V

associates every logical proposition P € P with a vertex of the tree. Unlike classical logic,
however, ®(P)does not merely indicate the identity of the proposition. It specifies its position within
the hierarchy of refinements.

The root

vy EV

represents the least refined informational state. At this level, only coarse distinctions are

available and many propositions cannot yet be assigned a definite truth value. Formally,
T(P) = undefined

is permitted whenever refinement has not progressed sufficiently to determine the proposition.

Logical indeterminacy reflects insufficient refinement rather than inconsistency or incompleteness.

Each edge
(i, v) EE
represents an elementary refinement operator
R:v; — vj,

which introduces additional distinctions while preserving all information already contained in
v;. Consequently,
R™(vo)
represents the informational state obtained after nsuccessive refinements.
A proposition is no longer viewed as an isolated logical atom but as an informational state
generated by refinement. If
PP
corresponds to refinement rather than implication, then P; specializes P; while inheriting its
informational content.
Logical proximity follows directly from geometry. Let
AP, Q)
denote the deepest common ancestor of propositions P and Q. Their logical distance is defined by
d,(P,Q) = p~A®),
where h(A4) denotes the depth of the common ancestor measured from the root. Thus,
dy(P,Q) < d.(P,R)
whenever P and Q share a longer refinement history than P and R. Logical similarity ecomes an
intrinsic geometric property rather than a syntactic or semantic comparison.
Inference itself becomes geometry dependent. Classical logic defines derivability through
=P,
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where I' denotes a collection of premises. In our framework, derivability also depends upon
ultrametric proximity. We write
[y P,

to emphasize that inference strength depends not only upon deductive validity but also upon
the hierarchical position of the participating propositions. Premises belonging to the same ultrametric
neighborhood generate stronger and more stable conclusions than premises located in distant regions
of the tree.

Negation undergoes an equally substantial reinterpretation. In classical logic,

PA=P =1,
and
Pv—=P=T.

Within the refinement framework, however, negation is not interpreted as an absolute
complement. Instead, two propositions become incompatible because they arise from different
refinement branches issuing from the same ancestor. If

Ry (Po) = P1,Ry(Py) = Py,

with R; # R,, then P; and P, stand for divergent refinements of the same informational state.
Opposition emerges from branching rather than from complementation. Logical incompatibility is
expressed by

P, LP,
instead of requiring
PZ = —|P1.

Consequently, the Principle of Non-Contradiction becomes local rather than global. Apparent
contradictions correspond to divergence between refinement trajectories and need not imply
inconsistency throughout the entire logical structure.

Truth itself becomes refinement dependent. Let

T(P,n)

denote the evaluation of proposition P after refinement depth n. Then

undefined, n <n,,

Tpm) = { Tor L, nz=ng,
where n, denotes the critical refinement depth necessary to evaluate P. Truth is not primitive but
emerges when sufficient informational distinctions have accumulated.

We also introduce the notion of logical persistence. Let

1(pP)
denote the persistence of proposition P, defined as the number of consecutive refinement levels
through which Premains valid. Highly persistent propositions satisfy
npP) » 1,
whereas unstable propositions exhibit
p) = 1.

Therefore, persistence quantifies logical robustness independently of binary truth values.

Generalization and specialization become inverse navigational operations within the tree.
Descending corresponds to repeated refinement

Vo 2V =2 Uy,
whereas ascending identifies the least common ancestor
LCA(P, Q),
which represents the most specific proposition shared by both descendants. Logical abstraction is
thus naturally represented as upward navigation in the same geometric structure.

Overall, we transformed the Bruhat-Tits tree from an object of p-adic arithmetic into the
underlying geometry of logical inference. Rather than serving as a graphical representation, this
ultrametric structure determines logical proximity, inferential strength, proposition persistence,
refinement dynamics and abstraction. This shift allows us to replace a static collection of propositions
endowed with predetermined truth values by a dynamic ultrametric landscape in which logical
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meaning emerges through successive refinements and where geometry is an integral component of
inference itself.

Qualitative Simulation of Ultrametric Logical Refinement

To illustrate the internal consistency of our logical formulation, we performed qualitative
simulations on a finite approximation of a Bruhat-Tits tree. Our objective was not to reproduce
empirical observations or benchmark an existing logical system, but rather to investigate how logical
propositions evolve when inference is governed exclusively by successive hierarchical refinements
embedded within an ultrametric geometry.

Our simulation began from a single root vertex representing the least refined informational state,
in which no proposition had a predetermined binary truth value. A complete binary Bruhat-Tits
approximation consisting of eight hierarchical levels (levels 0-7) was generated recursively. At level
0 the tree contained one proposition, and each refinement operator produced two descendant
propositions, yielding 2, 4, 8, 16, 32, 64 and 128 propositions at successive levels, for a total of 255
logical states explored during the simulation. Each refinement introduced a single additional logical
distinction, while preserving all informational content inherited from the parent proposition.
Consequently, every proposition was genealogically connected to the root through a unique
refinement trajectory.

Each refinement level corresponded to one simulation iteration, resulting in seven successive
refinement steps. During every iteration, all newly generated propositions were compared pairwise
to determine their nearest common ancestor, from which ultrametric logical distances were
calculated according to

d(Py P) = 27 h(4),

where h(4;;) denotes the depth of the nearest common ancestor shared by propositions P; and P;.
Pairwise distances were computed over N(N —1)/2 proposition pairs at each refinement level,
where N denotes the number of propositions during that iteration. To illustrate the behavior of
hierarchical logical organization, every proposition was assigned one of three logical states
throughout the simulation: undecidable, persistent or stable. Initially, all propositions were classified
as undecidable. Following each refinement, descendant propositions inherited the logical state of
their parent unless the newly introduced distinction produced a sufficiently refined informational
state, in which case the proposition became persistent. Persistent propositions preserving identical
logical identity throughout all subsequent refinement levels were finally classified as stable. No
stochastic perturbations or observational noise were introduced, allowing the deterministic behavior
of hierarchical refinement to be examined independently of probabilistic effects.

After every refinement iteration, eight quantitative descriptors were evaluated.

1. The number of active propositions, corresponding to the total population of logical states at the
current refinement level (Figure 1A).

2. The persistent fraction, calculated as the proportion of propositions whose logical identity
remained unchanged after refinement (Figure 1B).

3. The number of distinguishable ultrametric neighborhoods was obtained by grouping
propositions sharing the same nearest common ancestor at a specified refinement depth (Figure
1C).

4. The mean ultrametric distance between all proposition pairs was computed (Figure 1D).

5. The fraction of undecidable propositions was determined as the percentage of propositions that
could not yet be assigned a definitive logical status (Figure 1E).

6. The cumulative number of stable propositions was recorded (Figure 1F).

7. The mean branching factor was calculated as the average number of descendants generated per
proposition during each refinement step (Figure 1G).

8. The mean refinement depth was computed as the average number of refinement operations
separating every proposition from the root (Figure 1H).
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Logical proximity depended exclusively on shared refinement history rather than on Euclidean
embedding. Proposition persistence was evaluated by tracking every logical trajectory from the root
to its terminal descendants and recording the duration over which its logical identity was invariant.
Stable propositions corresponded to trajectories whose informational content was preserved despite
continued specialization, whereas undecidable propositions represented intermediate informational
states for which refinement remained insufficient to support definitive logical evaluation. All
descriptors were recalculated after each of the seven refinement iterations, thereby reconstructing the
complete evolution of the finite ultrametric logical space.

Our simulation generated the characteristic hierarchical expansion expected from successive
refinement operations. The number of active propositions increased monotonically with refinement
depth, rising from 1 proposition at the root to 128 propositions at the final refinement level, reflecting
the progressive specialization of informational states produced by repeated branching (Figure 1A).
In parallel, the persistent fraction gradually decreased from approximately 1.00 at the initial level to
0.29 at the deepest level (Figure 1B), indicating that increasing specialization progressively replaced
broad propositions with more specific descendants while preserving genealogical continuity. The
number of distinguishable ultrametric logical neighborhoods increased continuously from 1 to 29
clusters (Figure 1C), demonstrating that logical space became partitioned into progressively finer
neighborhoods without disrupting its hierarchical organization. Simultaneously, the mean
ultrametric distance between propositions decreased exponentially from 1.0 to approximately 1.6 x
102 according to the increasing depth of their nearest common ancestors (Figure 1D), showing that
local logical neighborhoods became increasingly cohesive despite the overall expansion of the
proposition set.

The proportion of undecidable propositions decreased steadily throughout the simulation, from
100% at the root to approximately 6% after the seventh refinement iteration (Figure 1E), illustrating
that successive refinement progressively resolved informational ambiguity through the introduction
of additional logical distinctions. Conversely, the cumulative number of stable propositions increased
monotonically from 0 to 33 (Figure 1F), indicating that an increasing fraction of propositions
maintained their logical identity despite continued specialization. The mean branching factor
remained constant at 2 descendants per proposition throughout all refinement levels (Figure 1G),
reflecting the regular recursive structure imposed by the refinement operator and confirming that
hierarchical expansion proceeded uniformly across the logical space. Mean refinement depth
increased linearly from 0 to 7 refinement levels (Figure 1H), documenting the gradual accumulation
of informational specificity along refinement trajectories.

Taken together, these descriptors show that our logical formulation produces a coherent
ultrametric organization in which logical proximity, proposition stability, undecidability and
inferential refinement emerge directly from the hierarchical geometry of the Bruhat-Tits tree rather
than from predetermined binary truth assignments. Although qualitative, the simulation illustrates
how logical reasoning may be interpreted as progressive navigation through a structured space of
refinements whose geometry actively constrains the organization and evolution of propositions.
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Figure 1. Evolution of an ultrametric logical framework during successive refinement steps performed on a finite

approximation of a Bruhat-Tits tree. The horizontal axis of all panels represents refinement depth (levels).

Inset A reports the total number of active propositions (count) generated at each refinement
level, illustrating the progressive specialization of informational states as refinement proceeds
through the hierarchy.

Inset B shows the persistent fraction (dimensionless), corresponding to the proportion of
propositions that are still valid following successive refinement operations.

Inset C illustrates the number of ultrametric logical neighborhoods (count), indicating the
progressive subdivision of logical space into increasingly specific proposition clusters.

Inset D depicts the mean ultrametric distance (dimensionless p-adic metric, logarithmic scale)
computed from the depth of the nearest common ancestor between proposition pairs, demonstrating
the increasing proximity of propositions sharing longer refinement histories.

Inset E reports the percentage of undecidable propositions (%), representing propositions that
cannot yet be assigned a definite logical evaluation because the available refinement is insufficient.

Inset F displays the cumulative number of stable propositions (count), defined as propositions
preserving their logical identity throughout successive refinement levels.

Inset G illustrates the mean branching factor (children per node), corresponding to the average
number of descendant propositions generated by each refinement operation and characterizing the
local expansion of the refinement hierarchy. Inset H reports the mean refinement depth (levels),
representing the average trajectory length reached by propositions within the simulated logical space.

Together, these panels provide complementary quantitative descriptors of proposition
proliferation, refinement persistence, ultrametric organization, undecidability, logical stability and
hierarchical expansion throughout the qualitative simulation.
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Conclusions

We asked whether logical inference can be reformulated as navigation through a hierarchical
geometric space rather than manipulation of propositions with fixed Boolean truth values. More
specifically, we investigated whether the ultrametric geometry of the Bruhat-Tits tree could produce
logical organization through successive refinement alone. Our simulations compared the evolution
of propositions embedded in a finite Bruhat-Tits hierarchy across successive refinement levels by
quantifying proposition proliferation, persistence, ultrametric clustering, logical distance,
undecidability, stability, branching behavior and refinement depth. We found that repeated
refinement generated coherent hierarchical organization without requiring predefined truth
assignments. Proposition specialization increased progressively, while undecidability diminished as
additional refinements resolved increasingly specific informational distinctions. At the same time,
logical neighborhoods became more structured through common ancestry and stable propositions
emerged naturally from persistent refinement trajectories. These observations suggest that logical
inference may arise from geometric organization rather than from externally imposed truth values.
Hierarchical refinement alone could be sufficient to produce a rich inferential structure whose
properties resemble progressive scientific reasoning, diagnostic decision-making and hierarchical
knowledge acquisition. More generally, this suggests that geometry may contribute directly to logical
organization instead of merely representing relationships established by independent inference rules.

Compared with existing logical approaches, our proposal displays conceptual differences.
Classical Boolean logic assumes fixed truth values and binary operators acting on propositions,
whereas intuitionistic logic delays truth until constructive proof, Kripke semantics organizes
knowledge through accessibility relations, modal logics reason across possible worlds and domain
theory represents approximation through partially ordered sets, while p-adic logics employ
ultrametric arithmetic but preserve conventional inference mechanisms (Fenno et al. 2014; Zhao et al.
2021; Hemedan et al. 2022; Bressler et al. 2023). By contrast, logical behavior here emerges from the
geometry of refinement itself. Proposition proximity depends on shared ancestry, inferential
relationships depend on hierarchical organization and logical evolution is determined by successive
specialization rather than by external proof rules or accessibility relations. Also, our interpretation
differs from graph-based knowledge representation and Bayesian networks, where graph topology
supports inference but does not itself constitute the logical substrate (Mumford and Ramsey 2014;
Kutschireiter et al. 2023; Hammond and Smith 2025; Hong and Kuruoglu 2025). Consequently,
hierarchical geometry becomes an intrinsic component of logical dynamics rather than an auxiliary
representation of already established logical relations.

Our study has limitations. Our simulation, being a finite approximation of an infinite Bruhat-
Tits tree, cannot capture every mathematical property of complete ultrametric spaces. The branching
process was intentionally regular to facilitate interpretation, whereas many natural decision
processes exhibit heterogeneous branching, stochastic transitions and incomplete observations. The
selected descriptors, including persistence, undecidability and logical clustering, are only one
possible family of quantitative observables, since alternative metrics may reveal additional structural
features. No empirical datasets were analyzed and the numerical values should be interpreted as
illustrative rather than descriptive of real systems. Our simulation assumes exact refinement
operations without observational uncertainty, whereas practical applications will inevitably involve
measurement error, ambiguous classifications and incomplete information. Additional questions
sre open, including how refinement geometry behaves under noisy observations, whether alternative
ultrametric spaces generate comparable inferential behavior, how probabilistic reasoning can be
incorporated into hierarchical refinement and whether multiple interacting Bruhat-Tits trees can
represent distributed reasoning systems.

Our approach suggests experimentally testable hypotheses. First, if logical organization is
governed by hierarchical refinement, then the mean ultrametric distance between propositions
should decrease monotonically as refinement proceeds, with the decrease approximately following
an exponential dependence on refinement depth. This prediction can be evaluated in automated
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theorem proving, ontology construction or hierarchical machine-learning systems by measuring
ultrametric distances after successive refinement operations.

Second, the fraction of undecidable propositions should decrease systematically with increasing
refinement depth, while the cumulative number of stable propositions should increase until reaching
a plateau that depends on the branching structure of the hierarchy.

Third, proposition persistence should exhibit a positive correlation with the depth of the nearest
common ancestor, providing a measurable relationship between genealogical proximity and logical
stability.

Fourth, heterogeneous branching processes should generate characteristic persistence
distributions that differ quantitatively from those produced by regular refinement trees, allowing
direct comparison among alternative logical architectures.

Fifth, introducing stochastic perturbations during refinement should increase logical
fragmentation, producing measurable increases in ultrametric clustering together with reduced
proposition stability.

These predictions can be examined in symbolic reasoning platforms, automated knowledge
bases, formal ontologies, decision-support systems and explainable artificial intelligence algorithms.
Future research may extend our formulation to infinite Bruhat-Tits trees, probabilistic refinement
operators, interacting ultrametric hierarchies, category-theoretic formulations of refinement and
empirical applications involving scientific discovery, biological classification and adaptive reasoning
systems.

Potential practical applications extend beyond formal logic. Knowledge engineering could
benefit from hierarchical databases that organize information according to refinement trajectories
rather than static classifications, facilitating incremental integration of newly acquired information.
Medical decision-support systems may exploit refinement histories to document diagnostic evolution
instead of storing only final conclusions. Scientific databases could organize competing hypotheses
according to their genealogical relationships, allowing investigators to reconstruct conceptual
development over time. Explainable artificial intelligence may use refinement trajectories to provide
transparent records of intermediate reasoning stages. Educational technologies could adapt learning
pathways according to successive conceptual refinements achieved by individual students, while
legal and regulatory decision systems may preserve explicit histories of progressively refined
interpretations.

In conclusion, we developed a logical framework in which hierarchical refinement replaces fixed
truth assignments as the primary organizing principle of inference. Our simulations showed that
coherent logical organization could emerge from ultrametric geometry through successive
specialization. Our perspective establishes connections between geometry and reasoning, identifies
measurable properties suitable for future empirical evaluation and provides a mathematically
explicit starting point for investigating hierarchical forms of inference across computational, scientific
and applied domains.
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Abstract

The immune system delivers a highly diverse receptor repertoire while preserving self-tolerance,
functional robustness and effective pathogen recognition. Although the mechanisms governing
clonal selection are characterized, the mathematical principles potentially underlying repertoire-
wide organization are less understood. We propose a geometric, probabilistic and spectral
perspective in which immune repertoire selection could be interpreted as constrained sampling from
a high-dimensional space of receptor configurations. Within this perspective, we connect
developments in modern probability and combinatorics with distinct, testable aspects of repertoire
organization: polynomial stability could define a global landscape of admissible repertoires; negative
dependence could constrain simultaneous selection of similar or redundant clonotypes; entropy
maximization could preserve the broadest receptor distribution compatible with self-tolerance and
antigen recognition; log-concavity could organize compatible configurations into broad basins
supporting gradual adaptation. Still, Kadison-Singer subset preservation could explain how
comparatively small lymphocyte samples retain statistical and spectral properties of larger
repertoires, whereas random-forest connectivity could quantify collective integration generated by
local receptor relationships. Finally, spectral independence could constrain propagation of clonal
perturbations, allowing local responses without uncontrolled repertoire-wide cascades. These
mathematical issues could provide measurable descriptors of diversity, redundancy,
representativeness, connectivity and perturbation propagation, generating falsifiable predictions
accessible to repertoire sequencing and network analysis. Rather than replacing established
immunological mechanisms, we introduce a complementary ensemble-level description shifting the
mathematical object of interest from the individual clonotype to the organization of the repertoire as
a whole.

Keywords: clonality; lymphocytes; immunodynamics; bioinformatics; systems biology

Introduction

The immune system continuously builds a receptor repertoire that is diverse, self-tolerant,
robust and capable of recognizing an enormous variety of pathogens. Although receptor
recombination, clonal expansion, affinity maturation and immune tolerance have been extensively
investigated, the general mathematical principles through which innumerable local selection events
could produce globally organized repertoires are less understood (Hochhaus 2008; Kumar et al. 2019;
Adams, Grassmann and Sun 2020; Deimel et al. 2025; Kocher et al. 2025; Ibafiez-Molero et al. 2026).
Current descriptions address receptor affinity, stochastic recombination, evolutionary dynamics or
network interactions but lack a unified language connecting local probabilistic selection with
repertoire-wide organization (Mesin et al. 2020; Daéron 2022; Dominguez-Andrés et al. 2023; Ke et
al. 2023; Sjostrom et al. 2023; Chen, Liu and Cao 2025).

Recent developments in combinatorics, probability theory and spectral graph methods could
provide a potentially relevant perspective: large and complex systems like the biological ones could
acquire global organization when local choices are constrained by probabilistic and geometric
relationships. Several mathematical advances converge toward this perspective. Strongly Rayleigh
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probability measures established a relationship between stable multivariate polynomials and
negative dependence, providing a mathematical basis for probabilistic selection that limits excessive
correlations among selected elements (Borcea, Brandén and Liggett 2009). Entropy-guided
randomized algorithms showed how constrained stochastic sampling can explore rich ensembles of
compatible configurations instead of converging toward a single deterministic optimum (Asadpour
et al. 2010; Oveis Gharan, Saberi and Singh 2011). Extensions of the Kadison-Singer theorem
demonstrated that subsets can preserve important spectral properties of much larger systems despite
dependencies among their elements (Anari and Oveis Gharan 2015). Related developments
connected random forests with global network connectivity (Goel et al. 2015), established log-
concavity as an important property of combinatorial probability distributions (Anari, Oveis Gharan
and Vinzant 2018) and introduced spectral independence as a criterion constraining long-range
influence within high-dimensional probabilistic systems (Anari, Liu and Oveis Gharan 2020).

Accordingly, we aim to explore whether these independent mathematical developments can be
integrated into a coherent theoretical perspective on immune repertoire selection. We will argue that
polynomial stability could characterize the global structure of admissible repertoire space; negative
dependence could regulate selection among similar or redundant receptors; entropy maximization
could favor broad but constrained repertoire exploration; log-concavity could define robust regions
of compatible configurations; Kadison-Singer subset preservation could describe how smaller
lymphocyte populations retain properties of larger repertoires; random-forest connectivity could
characterize collective integration among clonotypes; and spectral independence could constrain
propagation of local perturbations across the repertoire.

We will proceed as follows. First, we introduce a unified probabilistic formulation in which
immune repertoire organization is described through complementary geometric, probabilistic and
spectral constraints. Then, we translate this formulation into measurable repertoire properties,
including diversity, redundancy, representative sampling, connectivity and robustness. Finally, we
derive experimentally testable predictions and discuss the broader implications of this mathematical
approach to immune repertoire selection.

The Mathematical Perspective on Immune Repertoire Selection

A useful distinction can be made between the mechanisms generating an immune repertoire and
the properties characterizing the repertoire once it has been generated. Receptor recombination,
selection, clonal expansion and affinity maturation operate on individual cells and lineages, whereas
diversity, redundancy, representativeness, connectivity and resilience are properties of the receptor
population as a whole. These two levels of description need not obey the same mathematical rules.
Knowing how each clonotype is generated or selected does not, by itself, specify the statistical
architecture of the resulting ensemble.

Therefore, we shift the mathematical object of interest from the individual clonotype to the
repertoire configuration. Let the potential receptor space contain an enormous number of possible
elements, only a small and continuously changing fraction of which is realized at any given time.
Then, immune selection can be examined as a problem of how subsets occupy this space: whether
selected receptors cluster or repel one another, whether many alternative configurations are
comparably admissible, whether a small subset preserves information about the larger population,
how strongly different regions are connected and how far the effect of a local perturbation
propagates. These distinct questions cannot be reduced to receptor abundance or affinity alone. This
change of scale motivates the mathematical correspondences developed below. Rather than assigning
each mathematical concept to another molecular mechanism, we ask whether the above-mentioned
mathematical concepts could characterize different ensemble-level properties of the same immune
repertoire.

Each concept would address a different aspect of its organization, from the geometry of
admissible configurations to competition among receptors, representative sampling, collective
connectivity and resistance to perturbation.
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a. Polynomial stability could provide the most general description of this organizational
landscape. Stable multivariate polynomials generate probability distributions whose geometry
imposes strong constraints on admissible configurations even in very high-dimensional spaces
(Borcea, Brandén and Liggett 2009). In an immunological interpretation, polynomial stability
could correspond to a globally coherent repertoire landscape in which biologically compatible
receptor combinations occupy structurally well-behaved regions. Repertoire organization
would then depend not only on the fitness of individual receptors but also on the global
geometry of the space from which they are selected. This hypothesis would shift attention from
isolated clonotypes toward relationships among possible repertoire configurations.

b. Negative dependence could describe how this global structure constrains competition among
receptors. In Strongly Rayleigh distributions, selection of one element decreases the probability
of simultaneously selecting correlated alternatives (Borcea, Brandén and Liggett 2009). If an
analogous principle operated during immune selection, expansion or persistence of one
clonotype could decrease the probability of retaining highly similar or functionally redundant
alternatives. Such dependence could limit excessive overlap while permitting multiple
compatible receptor combinations. Repertoire diversity would consequently arise partly from
probabilistic competition among related clonotypes rather than exclusively from the
independent survival or elimination of individual cells. Importantly, this correspondence would
concern the statistical architecture of selection and would not imply a specific molecular
mechanism through which one clonotype directly inhibits another.

c. Entropy maximization could account for a complementary property: preservation of extensive
receptor diversity within biological constraints. Entropy-based randomized sampling has
demonstrated that optimization need not identify a unique deterministic solution and can
instead favor rich distributions of admissible configurations (Asadpour et al. 2010; Oveis
Gharan, Saberi and Singh 2011). Applied to adaptive immunity, such a principle would predict
that repertoire selection could favor the broadest distribution of receptor states compatible with
constraints such as self-tolerance, finite population size and adequate antigen recognition.
Selection would not necessarily drive the repertoire toward maximal affinity or another single
optimum. It could instead preserve many alternative receptor configurations, potentially
reconciling broad pathogen coverage with restrictions imposed by immune tolerance.

d. Log-concavity could describe the geometry of those compatible configurations. Log-concave
probability distributions concentrate probability within connected, broadly organized regions
rather than distributing it among numerous sharply separated optima (Anari, Oveis Gharan and
Vinzant 2018). If repertoire probability possessed an analogous structure, neighboring immune
configurations could have comparable functional properties. Moderate changes caused by
development, ageing, antigen exposure or stochastic clonal turnover could then move the
repertoire within a broad compatibility basin rather than forcing transitions between isolated
optimal states. Repertoire robustness would, in this interpretation, depend partly on the
geometry of the probability landscape: multiple nearby receptor configurations could support
comparable global immune organization.

e. The extension of the Kadison-Singer results to Strongly Rayleigh measures introduces a
different hypothesis concerning representative subsets. Mathematical results in this area show
that subsets can preserve important spectral characteristics of considerably larger systems
despite dependencies among their elements (Anari and Oveis Gharan 2015). An immunological
analogue could arise if comparatively small populations of circulating, sampled or activated
lymphocytes retained major statistical or spectral properties of the larger repertoire from which
they originated. Immune surveillance and repertoire sampling would then depend not simply
on the absolute number of observed clonotypes but also on whether the selected subset
preserves important structural characteristics of the parent population. This possibility would
be experimentally distinguishable by comparing spectral and covariance properties across
progressively smaller samples of the same repertoire.
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f. Random-forest connectivity could provide a complementary description of collective
integration. Random forests allow global connectivity to be characterized through probabilistic
relationships among locally connected elements (Goel et al. 2015). Applied to immune
repertoires, such connectivity could quantify the extent to which clonotypes participate in
common functional communities defined by receptor similarity, shared antigen recognition or
experimentally established interactions. A repertoire could consequently exhibit collective
cohesion without requiring every clonotype to interact directly with every other clonotype. The
relevant biological hypothesis would be that local relationships among receptor populations
could generate measurable global connectivity and that this connectivity could constitute an
organizational property distinct from repertoire diversity alone.

g. Finally, spectral independence could characterize the propagation of perturbations through this
interaction structure. Spectral independence constrains how strongly local variables can
influence the global state of a high-dimensional probabilistic system (Anari, Liu and Oveis
Gharan 2020). If an analogous property characterized immune repertoires, activation, deletion
or expansion of individual clonotypes would produce bounded effects on the rest of the
repertoire rather than unrestricted cascades. Physiological immune responses could involve
local changes while preserving global organization. Conversely, some forms of immune
dysregulation could be associated with weakened spectral constraints, allowing local
disturbances to acquire disproportionately large repertoire-wide effects. This interpretation
would generate a measurable distinction between local clonal responsiveness and global
susceptibility to perturbation without equating spectral independence with any particular
regulatory pathway.

Overall, the combination of these features would suggest that immune repertoire selection could
be viewed as constrained probabilistic sampling in which diversity, compatibility,
representativeness, connectivity and robustness arise from complementary properties of the selected
ensemble. None of these correspondences is intended as a direct mechanistic explanation of
lymphocyte biology, nor do the mathematical results themselves establish that immune repertoires
displays these properties. Rather, they define a set of hypotheses through which established
mathematical structures could be translated into experimentally measurable features of repertoire
organization.

A Unified Mathematical Formulation of Immune Repertoire Selection

Given the ensemble-level hypotheses introduced above, we now express them within a single
probabilistic construction. Let
R=A{1,..,N}
denote a finite candidate receptor space and let
QSR |2=m,
denote one realized repertoire. The state variable is not an individual clonotype but the subset 2. A
probability measure

u(@2) = P)
is assigned over admissible subsets, with
p@) =1
2SR
|2|=m

This construction permits receptor-level information to enter the model while the quantities of
interest are evaluated at repertoire level.
To encode dependencies among selections, introduce binary variables

1 ien,
xD={y ¢
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The generating polynomial of the repertoire distribution is

Gy(z1, r2y) = Z u) l—[ Z;.

SR ien

A Strongly Rayleigh version of the proposal would require G, to be real stable (Borcea, Brandén
and Liggett 2009). This condition supplies the formal setting in which negative dependence can be
stated. For distinct receptors i and j, a basic pairwise consequence is

Cov, (X, X)) =P@,j€N) —PIEMP( €N) <O.

More generally, our model can be tested for stronger negative-association properties rather than
assuming independence among clonotypes.

Repertoire breadth is described by the entropy of the distribution over admissible subsets,

Hw = —Z 1 (D)logu ().

This differs from the Shannon diversity of clone abundances within one observed repertoire:
H (1) measures how broadly probability is distributed across alternative repertoire configurations.
Constrained maximum-entropy selection can be formulated as

u* = argmax® (u)
u

subject to biologically specified expectation constraints

[Eu[fk(ﬂ)] = Ck» k=1,..,4q,
and normalization of u. Such a construction follows the general logic of entropy-guided randomized
selection, in which stochasticity is retained while admissible configurations are restricted by global
constraints (Asadpour et al. 2010; Oveis Gharan, Saberi and Singh 2011). The corresponding
exponential-family form is

)

q
1
o) = g5 exp LZ WA
where

20) =) exp [i B fi(D)
k=1

n

Geometric concentration can be introduced by representing a repertoire through a feature vector
x(2) e R4
and assigning it a positive density g(x). The proposed log-concavity condition is
gx+A -1y =gxgy'7, 0<7<1,
or equivalently
logg (zx + (1 — 1)y) = tlogg(x) + (1 — 1)logg(y).

This provides a direct mathematical criterion for testing whether high-probability repertoire
states form geometrically coherent regions, consistent with log-concavity results for combinatorial
probability distributions (Anari, Oveis Gharan and Vinzant 2018).

Representative subset preservation can be formulated independently of the preceding terms.
Associate each receptor i with a feature vector

v; € R4,

For the complete candidate set define

— T
Cr = Z Wi Vivi,
ieR
and for a selected repertoire
— = T
Cp = Z Wi Vivy,
i€n
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where the weights are normalized within their respective sets. A spectral preservation error is
Espec(-Q) = ”C_Q - CRHZ-

The subset-preservation hypothesis predicts the existence of comparatively small 2 for which
Egpec stays bounded. This formulation captures the relevant spectral question without asserting that
an immune repertoire literally implements the Kadison-Singer construction (Anari and Oveis
Gharan 2015).

Connectivity is introduced by defining a weighted receptor graph

Ga = (2, W),
where W;; = 0 encodes an experimentally chosen relationship between receptors i and j. Let
PF
denote the probability that i and j belong to the same tree component under a specified random-
forest measure. Repertoire connectivity is then summarized by

2
Cre(2) = mm=1 Z Pi*.

This quantity converts local graph relations into an ensemble-level measure of integration (Goel
et al. 2015).

To formalize bounded propagation of perturbations, let

¥, = (¥i))
be an influence matrix, where 1;; quantifies the change in the conditional probability of receptor i
associated with a change in receptor j. A spectral-independence condition can be expressed through

Amax(Wp) < K,
for a finite bound k across the relevant conditional repertoire distributions (Anari, Liu and Oveis
Gharan 2020). The quantity
AQ) = Anax (%)
becomes the principal spectral observable for perturbation propagation.
These components can be collected without assuming that they are interchangeable. Let
®(2) = (H,D, L, —Espec, Crp, —4,U)
denote a vector of repertoire-level descriptors, where D is an empirically defined diversity or
nonredundancy statisticand U represents biological constraints such as antigen recognition and self-
reactivity. A scalarized representation can be written as
Fo(2) = ayH + apD(2) + a, L(2) — aEEspec(-Q) + acCrp(2) — a4 A(2) + ayU(R),
with
ap = 0.

The coefficients are deliberately left unspecified. They are not proposed as universal biological
constants and would have to be estimated, constrained or compared using empirical data.
Alternatively, no scalarization need be imposed: repertoires can be compared directly in the
multidimensional descriptor space @®, allowing trade-offs among organizational properties to be
measured rather than hidden within predetermined weights.

The resulting probabilistic model can be expressed in Gibbs form,

exp [F(42)/T]
Lo exp [F(2)/TY

where T > 0 controls concentration over repertoire configurations. This equation is not intended as

Pa,T(-Q) =

a quantitative law of immune physiology. It provides a compact mathematical representation in
which the hypotheses introduced in the preceding section become separable observables and
constraints. Our proposal is falsifiable at several levels: the repertoire distribution can be tested for
negative dependence and log-concavity; subsamples can be evaluated for spectral preservation;
receptor graphs can be examined for random-forest connectivity; influence matrices can be tested for
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bounded spectral radius; and the joint descriptor vector can be compared across physiological states
and against null models based on independent or affinity-only selection.

Experimentally Testable Predictions

Our geometric and spectral interpretation of immune repertoire selection does not seek to
replace current mechanistic descriptions of adaptive immunity. Instead, it identifies organizational
quantities that should become experimentally observable if repertoire formation is indeed governed
by constrained probabilistic sampling. Unlike conventional approaches, which primarily focus on
receptor affinity, clonal frequency or antigen specificity, we predict measurable properties describing
the repertoire as a collective mathematical object such that the observables are not individual
lymphocyte clones but statistical descriptors characterizing the full receptor population.

The first prediction concerns repertoire redundancy. If negative dependence contributes to
repertoire formation, clonotypes sharing highly similar receptor sequences or recognizing closely
related antigenic determinants should be underrepresented relative to expectations based on
independent sampling. This reduction should persist even after controlling for differences in
recombination frequency, clonal expansion and antigen exposure. Modern high-throughput immune
repertoire sequencing provides direct measurements of receptor similarity, allowing comparison
between observed clone distributions and those generated under null models assuming statistical
independence. Therefore, we predict that healthy immune repertoires should exhibit significantly
lower functional redundancy than randomized repertoires preserving the same clone frequencies.

A second prediction concerns representative immune sampling. The Kadison-Singer
interpretation suggests that relatively small subsets of circulating lymphocytes may preserve the
principal statistical organization of the complete immune repertoire. Consequently, covariance
matrices computed from moderate blood samples should approximate those obtained from much
larger receptor populations after appropriate normalization. This prediction differs from
conventional sampling theory because preservation concerns spectral structure rather than simple
clone frequencies. If confirmed experimentally, relatively small samples could accurately characterize
global repertoire organization despite containing only a fraction of all circulating clonotypes.

Further, we predict that adaptive immune repertoires occupy broad compatibility basins rather
than isolated optimal configurations. If log-concavity provides an appropriate geometric description,
neighboring repertoires differing by relatively small numbers of clonotypes should display gradual
rather than abrupt variation in global diversity, self-reactivity and antigen coverage. Longitudinal
immune sequencing performed before and after vaccination, ageing or transient infection should
reveal continuous trajectories through repertoire space, instead of discontinuous transitions between
unrelated immune states. This behavior would indicate that compatible repertoires are organized
within extended regions of high probability rather than around isolated optima.

Another prediction concerns entropy and immune diversity. Entropy maximization implies that
immune selection should preserve the richest repertoire compatible with physiological constraints
instead of maximizing affinity alone. Vaccination or controlled antigen exposure should increase
effective repertoire entropy, while maintaining bounded redundancy and self-reactivity. Conversely,
pathological immune states characterized by excessive clonal dominance are expected to exhibit
reduced repertoire entropy together with increased redundancy. This prediction distinguishes
constrained probabilistic exploration from purely affinity-driven optimization, where repertoire
diversity is not necessarily preserved.

Also, we predict measurable consequences for network organization. If random-forest
connectivity captures biologically meaningful interactions among receptor populations, healthy
repertoires should display intermediate levels of global connectivity sufficient to maintain
coordinated immune responses without excessive synchronization. Chronic inflammatory diseases
or severe immune deficiencies may instead shift repertoire connectivity toward opposite extremes,
either producing fragmented receptor communities or excessively interconnected interaction
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networks. These predictions can be evaluated by building receptor similarity graphs from sequencing
data and measuring graph connectivity through established network-theoretical methods.

The most distinctive prediction concerns spectral organization. Spectral independence implies
that local perturbations should be spatially and functionally confined within the repertoire, instead
of propagating throughout the entire immune system. Following vaccination, transient infection or
selective depletion of individual lymphocyte populations, the dominant eigenvalue of receptor
interaction networks should remain bounded despite measurable local changes in clone abundance.
In contrast, autoimmune diseases, persistent inflammatory disorders or dysregulated immune
activation may exhibit progressive increases in spectral radius, indicating enhanced propagation of
local perturbations across the repertoire.

Our predictions naturally extend to developmental and evolutionary processes. During
childhood, progressive expansion of the adaptive immune repertoire should primarily increase
entropy and representative sampling, while preserving bounded redundancy and stable spectral
organization. Healthy ageing may gradually reduce repertoire entropy, but should preserve the
overall geometric structure of compatibility basins. Pathological ageing, chronic infection or immune
exhaustion could instead produce simultaneous reductions in entropy, increased redundancy,
fragmentation of compatibility landscapes and elevated spectral influence.

Collectively, these transform abstract concepts originating from probability, combinatorics and
spectral graph theory into measurable properties of adaptive immunity that can be evaluated using
current immune repertoire sequencing, single-cell technologies and network analysis.

Conclusions

We suggest that several independent developments in modern probability theory,
combinatorics and spectral graph methods could be interpreted collectively as a mathematical
perspective on immune repertoire selection. Rather than focusing on individual receptors, our
formulation treats the repertoire’s formation as constrained probabilistic sampling within a high-
dimensional compatibility landscape. Global immune organization could constitute an additional
level of biological description governed by probabilistic and geometric constraints, with diversity,
robustness and self-tolerance partly reflecting the statistical architecture of the receptor population.

Conventionally, immune diversity is characterized through the number and frequency
distribution of clonotypes. Our approach considers diversity as one component of a broader
organizational state. Repertoires containing similar numbers of clonotypes could differ substantially
in redundancy, compatibility, spectral organization and representative sampling and consequently
display different collective properties despite comparable conventional diversity. Likewise, immune
tolerance could have an ensemble-level component complementary to central deletion, peripheral
regulation and immune checkpoints. Negative dependence could constrain excessive accumulation
of similar receptors, entropy could preserve broad pathogen coverage within biological restrictions
and spectral independence could limit amplification of local perturbations. Still, our perspective
introduces a geometric interpretation of immune robustness. Adaptive immunity continuously
experiences fluctuations caused by receptor generation, antigen exposure and cellular turnover,
while physiological function is generally stable over much longer timescales. In addition to
regulatory feedback, pathway redundancy and cellular homeostasis, robustness could depend on the
repertoire occupying broad, stable regions of a high-dimensional probability landscape. Neighboring
repertoire configurations could then possess comparable functional properties, permitting
continuous adaptation without substantial disruption of collective organization. Representative
subset preservation provides a complementary interpretation of immune surveillance. The Kadison-
Singer perspective raises the possibility that relatively small receptor subsets could preserve
important statistical and spectral characteristics of much larger populations. If experimentally
supported, effective surveillance would depend not only on the number of circulating lymphocytes
but also on how efficiently sampled populations represent the organization of the broader repertoire.
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Our perspective could extend beyond adaptive immunity. Microbial communities, neuronal
populations, stem-cell differentiation, ecological assemblages and evolving protein families all
involve selection from vast configuration spaces while preserving some combination of diversity,
robustness and functional integration. These systems share the organizational challenge of
generating coherent global states through distributed local events. Therefore, probability theory,
combinatorics and spectral methods could provide a common mathematical language for
investigating this general problem across biological scales. By translating concepts from modern
discrete mathematics into falsifiable properties of immune repertoires, our proposal provides a test
case for a broader hypothesis: that the step from local biological selection to global organization can
be described through common probabilistic, geometric and spectral approaches.
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ABSTRACT

Learning in artificial neural networks usually relies on continuous, externally driven weight updates, in which
parameters are modified at every step in response to incoming data, error signals or reward feedback. In this setting,
routine and informative inputs contribute similarly to parameter adjustment. We introduce a learning approach in which
parameter updates are governed by internally generated events arising from the network’s own representational
dynamics. During ongoing activity, synaptic interactions are accumulated as latent traces encoding recent co-activation
patterns, without immediately modifying the underlying parameters. In parallel, an internal predictive process estimates
the evolving latent state, while a scalar measure of discrepancy between predicted and observed states is continuously
computed. When discrepancy exceeds an adaptive threshold derived from recent error statistics, a learning event is
triggered, inducing a retrospective update selectively integrating past activity into the current configuration. We
performed simulations using a minimal neural network exposed to structured sequential inputs with transient
perturbations. We found that learning occurs through sparse, temporally localized events associated with increases in
prediction error, leading to stepwise changes in synaptic efficacy and discrete transitions in latent-state organization. By
selectively reorganizing parameters in response to internally detected discrepancies, our episodic updating may reduce
unnecessary parameter drift while preserving informative patterns. Potential applications include systems requiring
selective adaptation to rare or informative inputs such as physiological, industrial or environmental monitoring, edge
computing under limited energy budgets, autonomous systems operating in dynamic conditions and sequential
computational data processing.

KEYWORDS: sparsity; anomaly; intermittency; adaptability; dynamics.

INTRODUCTION

Learning in neural networks is typically implemented through continuous optimization procedures, where parameters are
iteratively updated according to explicit error signals or reward feedback (Wei et al. 2022; Zhou et al. 2023; Dai et al.
2024). Gradient-based methods, including backpropagation and its temporal extensions, have enabled high-performance
learning across diverse domains, yet they impose strong assumptions about the availability of dense supervisory signals
and continuous parameter updates (Erb 1993; Bao et al. 2018; Ojha and Nicosia 2022; Lakin 2023). Alternative
approaches, such as reinforcement learning and event-driven or spiking frameworks, introduce temporally discrete
updates but typically rely on externally defined rewards or fixed plasticity rules that remain continuously active (Hu and
Si 2018; Zhang et al. 2022; Shen et al. 2023; Zhao et al. 2023; Briickerhoff-Pliickelmann et al. 2023; Sun et al. 2025;
Xiao et al. 2025; Wu et al. 2025). Episodic memory models and one-shot learning architectures partially address the need
for rapid adaptation, yet they often depend on specialized modules or explicit memory buffers rather than intrinsic learning
dynamics (Tyagi et al. 2023; Cai et al. 2024; Melchior et al. 2024; Hachisuka et al. 2026). A persistent limitation across
these approaches is that learning is not selectively triggered, but proceeds continuously in response to all incoming data.
Moreover, credit assignment over extended timescales is computationally demanding, particularly in sequential settings
where backpropagation through time requires large memory and stability constraints. These limitations call for
formulations in which learning is sparse, internally regulated and information is integrated over extended temporal
windows without continuous parameter modification.

Recent work on behavioral-timescale synaptic plasticity (BTSP) provides a biological motivation for this perspective
(Magee 2026). BTSP challenges the traditional assumption that synaptic modification must occur immediately and locally
following neuronal activation. Instead, experimentally observed synaptic changes can emerge retrospectively after
temporally extended activity episodes through delayed plateau-potential-associated mechanisms capable of linking events
separated by several seconds. This framework suggests that biological systems may continuously accumulate information
while postponing actual synaptic modification until internally generated conditions are satisfied. Particularly relevant for
our work is the idea that neural systems may alternate between relatively stable representational periods and sparse
reorganization events that selectively consolidate previously accumulated activity patterns. Although BTSP was
developed in the context of hippocampal physiology and dendritic biophysics, its broader implication concerns the
temporal organization of learning itself. Our approach adopts the general principle that information accumulation and
parameter modification may operate on partially separated temporal scales, with learning emerging through internally
triggered retrospective updates rather than continuous online correction.


mailto:tozziarturo@libero.it

arXiv:2605.10994v1 [g-bio.NC] ) 9 May 2026

We introduce a simulation-based learning formulation in which parameter updates are governed by internally generated
events emerging from the network’s own representational dynamics. Synaptic interactions are stored as latent traces that
accumulate recent co-activation patterns without immediately modifying the parameters, while an internal predictive
process estimates the evolving latent state. A scalar discrepancy between predicted and observed states is continuously
integrated, generating a slowly varying measure of representational inconsistency. When this quantity exceeds an adaptive
threshold, a learning event is triggered, retrospectively incorporating past activity into the updated configuration. In our
simulations, learning is temporally discontinuous and occurs only at internally defined critical points. This adaptive
threshold regulates sensitivity to poorly predicted states, producing sparse but organized learning events. Our network
persisted in relatively stable representational states for extended periods, interrupted by brief episodes of rapid
reorganization when unexpected inputs accumulated. These episodic transitions integrated information across longer
temporal intervals without requiring continuous parameter updates at every computational step.

We will proceed as follows. First, we formalize the proposed model and its dynamical variables; then, we describe the
simulation setup and evaluation criteria; finally, we present the results and analyze the emergent learning behavior.

METHODS

We studied a minimal artificial neural network designed to test whether learning can be restricted to internally triggered,
retrospective events rather than applied continuously at every time step. We used a simulated multichannel input stream,
a latent neural representation, an internal predictor, synaptic eligibility traces, an adaptive surprise threshold and event-
gated synaptic updates, all implemented within a controlled computational simulation. We aimed to identify an
experimentally discriminable signature consisting of sparse learning events, stepwise changes in synaptic efficacy and
state-space transitions temporally aligned with internally detected prediction errors.

Simulated inputs. All variables were updated in discrete time with fixed step At and all computations were executed
sequentially at each time step. A synthetic sequential input stream was generated over T = 180 s with integration step
At = 0.01 s, yielding N = T /At samples. The input vector was defined as

X(t) = [x.(0), %2 (), ooe, %12(D]7,

with x;(t) expressed in spikes/s. Four structured regimes were defined through prototype vectors p,. During regime q,
the signal followed

x(t) = pg t dq(t) +&(t),

where d(t) = Agsin (zn(i:q)

imposed by replacing the current pattern with a weighted mixture of adjacent regimes. All values were clipped to [0 40]
spikes/s. These inputs defined a nonstationary but fully controlled signal without external labels.

)1introduced slow drift and &(t) ~ NV (0, 02)represented noise. Perturbations were

Latent dynamics. The network consisted of n = 12 inputs and m = 8 latent units. Synaptic weights were represented
by
W(t) = RlZXS,

initialized as
W;;(0) ~ NV (0.052, 0.0142),

with clipping constraints 0.005 < W;; < 0.10. The latent state was computed as
X)W (t))

h(t) = 30tanh < 20

yielding a bounded representation expressed in scaled millivolt units. These units were internal simulation units, ensuring
consistency across variables but not representing calibrated biological measurements.

Internal prediction. A linear predictor estimated the next latent state:
h(t) = Ah(t — Ab),

with
A=0881+T,T;; ~ N(0,0.025%).

Prediction error was defined as
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m

1 ~ 2
e(t) = EZ[hj(t) N

j=1
This quantity, expressed in mV 2, was used solely as an internal discrepancy signal.

Adaptive threshold. The running mean and variance of £(t) were computed as

u(t + At = u(t) + Atw,

I
[e(t) — u(®)]* - v®

Ty

v(t+ At) = v(t) + At

The adaptive threshold was defined as

6(t) = pu(t) + xyv(t),

with Kk = 2.2. A learning event occurred when
e(t) > 0(t)

and when the refractory condition
t - tlast > 7.5

was satisfied. Post-event stabilization was applied:
u(tt) = 0.85u(t™) + 0.15¢(t), v(t™) = 1.25v(t7).

To provide interpretation of the triggering condition, the threshold rule can be reformulated within a decision-theoretic
and optimization framework. At each time step, the system faces a binary decision between maintaining the current
parameters or performing an update. This can be expressed as a trade-off between the instantaneous prediction error
Cer(t) = () and a fixed or adaptive update cost C,pq(t). Learning is triggered when the expected cost of not updating
exceeds the cost of updating, yielding the decision rule £(t) > C,,4(t). By defining the update cost as a function of recent
error statistics,

Cupa(t) = p(t) + xy/v(0),

the operational threshold condition becomes

() > u(t) + kyv(t),

which coincides with the previously defined adaptive threshold. Under this formulation, the trigger is no longer an ad hoc
rule but emerges as the optimal decision boundary minimizing a composite objective
L= Z g(t) + AuNupdates'
t

where Npgaees 18 the total number of learning events. An equivalent interpretation can be given in information-theoretic
terms by defining a surprise measure S(t) = —log P(h(t) | h(t — At)), so that updates occur when the observed state
becomes statistically unlikely under the internal model. This reformulation provides a justification for the event-triggering
mechanism while preserving the same computational implementation.

Eligibility traces. Eligibility traces were computed for each synapse as
max [h;(t),0]
Cy(®) = xi() ——5——
—E;j(t) + Ci(t)

E

These traces stored recent co-activation history without modifying weights.

Normalization and update. At event time t;, normalization was defined globally:
Emax(ty) = mla}x Eij(tk)-

The normalized trace was
Eij(ty)

oty = —Luld
i) = 6

3
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Weights were updated as
Wi (te) = Wi (ti) + nE;j(te) — nAW;;(t),

with clipping
0.001 = W;; < 0.18.

Between events, weights remained constant.

Update sequence. At each time step t, the following deterministic order was enforced:
(Hh(t) - ) h() > B)e(®) > @) uv— (5 0(t) - (6) E;j(t) — (7) event check — (8) W(t) — (9) storage.

This ordering ensures that prediction error is computed before weight modification and that eligibility traces accumulate
prior to normalization.

Control procedures. Three control conditions were defined. A fixed-weight condition imposed
w(t) = w(0),

for all t. A continuous-update condition applied
Wi (t + At) = W;(t) + At [Ej;(t) — AW (0)]-

A randomized-event condition preserved event count but randomized event times while maintaining refractory spacing.
These controls allowed separation of trace accumulation, event timing and threshold dependence.

To assess the specificity of the learning mechanism and reduce ambiguity in interpretation, additional quantitative
benchmarks and ablation analyses were defined. Performance comparisons were structured by matching the total
magnitude of parameter updates across conditions, ensuring that differences arise from temporal organization rather than
overall update strength. In the ablation setting, individual components of the update rule were selectively removed,
including the eligibility trace term, the adaptive threshold and the normalization step, yielding reduced models of the form
Wi (t8) = Wi;(t) +n¢yj(t), where ¢;; denotes the retained components. These variants allowed isolation of the
contribution of retrospective accumulation and event triggering. In parallel, the geometric analysis of latent trajectories
was explicitly treated as a post hoc descriptive procedure rather than a mechanistic driver of learning. The projection Z =
H_V, and associated distance measures Dy, (s) were computed only after completion of weight updates and were not fed
back into the learning rule. This distinction ensures that geometric observables provide an independent characterization
of system dynamics, enabling comparison between conditions without influencing parameter evolution.

State geometry. Latent states were stored in matrix
H = [h(ty), ..., h(tp)]".

After centering,

H,=H-—1hT,
singular value decomposition yielded
H,=UZVT".
Projection onto the first two components gave
Z = H_V,.

Distances were computed as
D (s) =l z(ty) — z(s) Il5,

fors € [tk - 6, tk]

Visualization and software tools. Temporal traces, synaptic efficacy and input activity were visualized as functions of
time. Event rate was computed as

Ry = 22 60
= — X 60.
» 715
Grouped synaptic efficacy was
1
Gy =3, Wi
ieq

4
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All computations were performed in Python using NumPy for numerical operations and Matplotlib for visualization.
Random seeds were fixed. All variables were generated internally without external datasets. For reproducibility and
procedural clarity, the complete deterministic implementation of the internally triggered retrospective learning algorithm
is provided in the Supplementary Material.

RESULTS

We report the temporal, synaptic and geometric properties of an internally triggered episodic learning process in a
simulated neural network exposed to sequential inputs. Quantitative descriptors of event timing, synaptic changes,
prediction error dynamics and latent-state trajectories are provided to characterize the emergence and distribution of
learning events.

Event dynamics. Across the 180 s simulation, a total of 19 internally triggered learning events were detected,
corresponding to an average rate of approximately 6.3 events/min, with temporal clustering around periods of input
perturbation (Figure 1). Event times were not uniformly distributed but concentrated near transitions or perturbations in
the input stream, with inter-event intervals ranging from approximately 7.5 s (imposed refractory limit) to 12.1 s. The
instantaneous prediction error £(t) exhibited transient increases preceding each event, exceeding the adaptive threshold
6(t) derived from the running mean and variance of recent error values. The difference €(t) — 6(t) at event onset ranged
from 0.42 to 1.87 mV 2 (mean = 0.96). Mean synaptic efficacy increased in a stepwise manner, from an initial value of
52 to a final value of 91 puV/spike, with discrete increments aligned with event times. Individual event-induced weight
changes J (t;) ranged from 3.2 to 11.6 uV/spike (mean = 6.9). Event rate computed in 15 s bins displayed peaks of up to
12 events/min during perturbation intervals and near-zero values during stable input regimes.

The control conditions provided a reference for these dynamics: in the fixed-weight condition, no events were observed
and synaptic efficacy were constant; in the continuous-update condition, synaptic changes occurred gradually without
discrete steps; in the randomized-event condition, event timing was decoupled from prediction error and produced less
structured temporal alignment.

These results suggest that learning events are temporally sparse and preferentially aligned with internally detected
discrepancies rather than uniformly distributed over time, supporting the interpretation that episodic updates are
selectively triggered by deviations from expected latent dynamics.

State organization. Projection of latent activity onto its first two principal coordinates revealed structured trajectories
organized into distinct regions corresponding to input regimes (Figure 2). Learning events were localized at transitions
between these regions or at points of increased trajectory curvature. The Euclidean distance D, (s) between event states
and preceding states over a 6 s window ranged from 4.8 to 13.2 mV, with larger distances associated with more pronounced
perturbations in the input stream. The distribution of distances showed a gradual increase approaching event onset,
indicating accumulation of divergence in latent space prior to triggering. The relationship between prediction error at
event onset and synaptic update magnitude exhibited a positive association, with higher error values corresponding to
larger weight changes, although variability was present across events. Final synaptic organization showed differentiated
mapping between input channel groups and latent units, with group-specific mean efficacies ranging from 62 to 138
uV/spike.

The control conditions provided a comparative perspective on these structures: in the fixed-weight condition, latent
trajectories were confined and did not exhibit discrete transitions; in the continuous-update condition, trajectories evolved
smoothly without sharp reorganization; in the randomized-event condition, transitions occurred but lacked consistent
alignment with input perturbations.

This suggests that internally triggered events correspond to discrete reorganizations of latent-state geometry rather than
incremental adjustments, linking temporal error accumulation to spatial restructuring of representations.

Summarizing, learning emerges as a sequence of discrete, internally triggered events rather than a continuous process.
Prediction error accumulation precedes each event, while synaptic efficacy changes occur in stepwise increments aligned
with these events. Latent-state trajectories exhibit structured transitions associated with event timing. This indicates that
episodic updates can reorganize representations selectively in response to internally detected discrepancies.
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Figure 1. Integrated temporal dynamics of internally triggered episodic learning in simulated neural network operating
under internally regulated, event-driven learning across a 180 s input sequence.

The upper-left panel displays instantaneous latent prediction error (mV?), together with its running baseline and the
adaptive event threshold. Vertical lines mark the onset of internally generated learning events, which occur when the
instantaneous discrepancy exceeds the adaptive threshold derived from the network’s own recent history. The separation
between instantaneous error and baseline reflects transient departures from expected dynamics, while the threshold
follows slower variations, providing a reference for event triggering.

The middle-left panel reports the evolution of mean synaptic efficacy, showing discrete step-like increases that coincide
with learning events, consistent with retrospective weight updates rather than continuous modification. Individual points
highlight the exact timing of these discontinuities.

The lower-left panel displays the full input stream as a time-resolved heatmap across 12 channels, revealing structured
sequences of activity with distinct episodes and intermittent perturbations, all expressed in spikes per second.

The right-side panels summarize two complementary aspects of the learning dynamics: the upper panel shows the
temporal distribution of learning events, expressed as event rate across successive time bins, while the lower panel
displays the final mapping between groups of input channels and latent units, quantified in terms of synaptic efficacy.
This latter representation illustrates how repeated co-activation patterns become selectively consolidated into structured
synaptic configurations following episodic updates.
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Figure 2. State-space geometry and retrospective structure of episodic learning events.

In the right panel, latent network activity is represented in a reduced two-dimensional space obtained through principal
component projection of the full latent state, with coordinates expressed in mV. The continuous trajectory illustrates the
temporal evolution of internal representations under sequential input, with color encoding elapsed time in seconds.
Superimposed markers identify the occurrence of internally triggered learning events, allowing direct visualization of
how these events are embedded within the ongoing dynamics. The trajectory exhibits structured regions corresponding to
distinct input regimes, while transitions between regions reveal changes in input statistics and internal prediction accuracy.
The upper-right panel quantifies the retrospective temporal window associated with each event by measuring the
Euclidean distance between the event state and preceding states within a fixed interval of 6 s. This representation captures
the geometric extent of recent activity that contributes to the synaptic update, showing how learning integrates information
over a finite temporal horizon rather than relying solely on instantaneous states.

The lower-right panel relates the magnitude of synaptic modification to the prediction error at the time of event onset,
providing a quantitative link between internal discrepancy and the strength of parameter reconfiguration. The distribution
of points reflects variability in event magnitude and its dependence on internal state mismatch, highlighting the role of
threshold-crossing events in shaping discrete transitions within the network’s representational space.

CONCLUSIONS

We asked whether learning in artificial neural networks can be restricted to internally triggered, temporally sparse events
rather than implemented as a continuous process driven by ongoing input or external supervision. Our simulations
compared an event-triggered learning condition, in which synaptic updates occurred only when internally computed
prediction error exceeded an adaptive threshold, with control conditions including fixed weights, continuous updates and
randomized event timing. We found that learning events emerged at discrete time points, temporally aligned with increases
in internal discrepancy and that synaptic efficacy evolved through stepwise changes rather than gradual drift. Latent-state
trajectories exhibited structured transitions associated with these events, while control conditions lacking internally
triggered updates showed either stable or progressively diffused representations. The magnitude of synaptic change varied
with prediction error at event onset, indicating a quantitative link between internal state mismatch and the extent of
reconfiguration. These observations suggest that learning could be governed by threshold-crossing dynamics that integrate
information over extended temporal windows and reorganize representations retrospectively. Therefore, internally
regulated, event-based updates could provide a viable alternative to continuous adjustment rules, linking temporal
accumulation of discrepancy signals to discrete structural changes in network organization.
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Compared with established approaches, our model differs in how learning is initiated and temporally organized. In
Bayesian formulations, parameter updates arise from continuous revision of posterior distributions, where each new
observation contributes incrementally through likelihood weighting (Fernandes et al. 2021; Biazzo et al. 2022; Magotra
et al. 2022; Payares-Garcia et al. 2023; Liang et al. 2023; Thompson et al. 2023; Jeon et al. 2024). In contrast, in our
framework no explicit probability distribution is maintained and no continuous update rule is enforced; parameter
modification occurs only when accumulated internal discrepancy exceeds a dynamically defined boundary. This separates
evidence accumulation from parameter change, whereas Bayesian schemes merge these processes. Gradient-based neural
networks, including recurrent architectures trained with backpropagation through time, rely on uninterrupted error
propagation and weight adjustment at every step, requiring storage of intermediate states and differentiability constraints
(Dong et al. 2023; Luo et al. 2023; Han 2024), while eligibility trace-based reinforcement learning methods propagate
credit continuously through temporally decaying traces combined with reward signals (Suri and Schultz 1998; Elfwing et
al. 2018; Wang et al. 2026). Event-driven spiking networks and reinforcement learning systems introduce temporal
sparsity, but their updates are typically tied to external reward signals or predefined spike-timing rules rather than to an
internally derived criterion (Zhuang et al. 2020; Zhang et al. 2022; Zhao et al. 2023; Briickerhoff-Pliickelmann et al. 2023;
Wau et al. 2025). Memory-augmented and one-shot learning models allow rapid adaptation, yet they generally depend on
auxiliary memory structures or direct supervision (Khadka et al. 2019; Yin et al. 2020; Ma et al. 2021; Karunaratne et al.
2021; Li et al. 2022; Suresh et al. 2022; Mao et al. 2022; Yang et al. 2023). Our framework combines internal triggering,
retrospective integration over eligibility traces and adaptive thresholding without auxiliary memory modules or external
signals. Therefore, we define a learning regime in which parameter updates are both self-regulated and temporally
discontinuous, distinguishing it from probabilistic inference, gradient descent and reward-driven adaptation.

Our study has limitations. The event-triggering mechanism, based on a running mean and variance of prediction error, is
operational and biologically inspired but is heuristic. The retrospective update is implemented, but its ability to resolve
long-timescale credit assignment is not analytically demonstrated. The geometric analysis of latent trajectories is
conducted post hoc and does not influence the learning rule. The use of physical units (mV, uV/spike) reflects internal
scaling conventions rather than empirical calibration and should therefore be interpreted as simulation units. Parameter
values, including time constants and scaling factors, are synthetic and do not correspond directly to measured quantities.
Event occurrence depends on threshold tuning, introducing potential circularity in which observed dynamics reflect
design choices. The sensitivity of the results to parameter choices (e.g., K, time constants) is unexamined, leaving
robustness unclear. Open questions concern how the trigger can be derived from principled criteria, whether the
mechanism scales to higher-dimensional systems and how alternative definitions of internal discrepancy affect event
structure.

Testable hypotheses can be formulated. First, the frequency of learning events is predicted to scale with the variance of
the input stream: increasing input variability ¢ should increase event rate approximately linearly up to saturation,
yielding a measurable relation R « g, over moderate ranges.

Second, the magnitude of synaptic updates is expected to depend on the excess of prediction error above threshold, with
a monotonic relationship /| ~ € — 6, implying that larger discrepancies produce proportionally larger weight changes.
Third, the temporal spacing between events should be constrained by both the refractory interval and the decay constant
of the eligibility trace, leading to a lower bound At,;, ® max (r,Tg), which can be verified by measuring inter-event
interval distributions.

Fourth, latent-state trajectories are expected to exhibit increased curvature preceding events, measurable as a rise in local
trajectory divergence over a fixed temporal window, providing a geometric signature of impending updates.

Fifth, modifying the threshold sensitivity parameter k should systematically shift event density, with higher values
reducing event frequency and increasing average update magnitude.

Future work may derive the triggering condition from optimization or information-theoretic principles, compare
performance with continuous learning under matched update budgets, extend the approach to deeper and recurrent
architectures and incorporate adaptive predictors. Additional work may also evaluate robustness across noise regimes,
investigate scaling with network size and test whether alternative definitions of discrepancy alter the statistical structure
of learning events.

Practical uses can be outlined. Systems for monitoring physiological signals, industrial processes or environmental
streams could employ selective updates to avoid unnecessary parameter drift during stable conditions. In edge computing
devices with limited energy budgets, infrequent parameter modification may reduce computational load and extend
operational lifetime. Autonomous systems operating in dynamic environments could benefit from update strategies
emphasizing salient deviations rather than routine inputs. In data compression and storage, episodic updating may support
selective retention of informative patterns while discarding redundant sequences.

In conclusion, we described a neural system in which parameter updates occur intermittently and are governed by
internally generated triggering conditions rather than continuous adjustment. We observed that this strategy produces
sequences of reconfiguration events and measurable transitions in internal representations. Our results suggest that
discrete updates can be coherently embedded within a continuous processing stream, defining an alternative temporal
organization of learning driven by intrinsic criteria.



arXiv:2605.10994v1 [g-bio.NC]) 9 May 2026

DECLARATIONS

Ethics approval and consent to participate. This research does not contain any studies with human participants or
animals performed by the Author.

Consent for publication. The Author transfers all copyright ownership, in the event the work is published. The
undersigned author warrants that the article is original, does not infringe on any copyright or other proprietary right of
any third part, is not under consideration by another journal and has not been previously published.

Availability of data and materials. All data and materials generated or analyzed during this study are included in the
manuscript. The Author had full access to all the data in the study and took responsibility for the integrity of the data and
the accuracy of the data analysis.

Disclaimer. The views expressed are those of the author and do not necessarily reflect those of the affiliated institutions.
Competing interests. The Author does not have any known or potential conflict of interest including any financial,
personal or other relationships with other people or organizations within three years of beginning the submitted work that
could inappropriately influence or be perceived to influence their work.

Funding. This research did not receive any specific grant from funding agencies in the public, commercial or not-for-
profit sectors.

Acknowledgements: none.

Authors' contributions. The Author performed: study concept and design, acquisition of data, analysis and interpretation
of data, drafting of the manuscript, critical revision of the manuscript for important intellectual content, statistical analysis,
obtained funding, administrative, technical and material support, study supervision.

Declaration of generative Al and Al-assisted technologies in the writing process. During the preparation of this work,
the author used ChatGPT 5.3 to assist with data analysis and manuscript drafting and to improve spelling, grammar and
general editing. After using this tool, the author reviewed and edited the content as needed, taking full responsibility for
the content of the publication.

REFERENCES

1) Bao, C.,Y. Py, and Y. Zhang. 2018. “Fractional-Order Deep Backpropagation Neural Network.” Computational
Intelligence and Neuroscience 2018: 7361628. https://doi.org/10.1155/2018/7361628.

2) Biazzo, 1., A. Braunstein, L. Dall’ Asta, and F. Mazza. 2022. “A Bayesian Generative Neural Network Framework
for Epidemic Inference Problems.” Scientific Reports 12 (1): 19673. https://doi.org/10.1038/s41598-022-20898-
X.

3) Briickerhoff-Pliickelmann, F., I. Bente, M. Becker, N. Vollmar, N. Farmakidis, E. Lomonte, F. Lenzini, C. D.
Wright, H. Bhaskaran, M. Salinga, B. Risse, and W. H. P. Pernice. 2023. “Event-Driven Adaptive Optical Neural
Network.” Science Advances 9 (42): eadi9127. https://doi.org/10.1126/sciadv.adi9127.

4) Cai, C., T. Imai, E. Hasumi, and K. Fujiu. 2024. “One-Shot Screening: Utilization of a Two-Dimensional
Convolutional Neural Network for Automatic Detection of Left Ventricular Hypertrophy Using
Electrocardiograms.”  Computer ~ Methods  and  Programs in  Biomedicine  247: 108097.
https://doi.org/10.1016/j.cmpb.2024.108097.

5) Dai, X,, J. Qiu, C. Wan, and F. Dai. 2024. “A Lagrange Programming Neural Network Approach for Nuclear
Norm Optimization.” PLoS ONE 19 (2): €0292380. https://doi.org/10.1371/journal.pone.0292380.

6) Dong, Y., D. Zhao, Y. Li, and Y. Zeng. 2023. “An Unsupervised STDP-Based Spiking Neural Network Inspired
by Biologically Plausible Learning Rules and Connections.” Neural Networks 165: 799-808.
https://doi.org/10.1016/j.neunet.2023.06.019.

7) Elfwing, S., E. Uchibe, and K. Doya. 2018. “Sigmoid-Weighted Linear Units for Neural Network Function
Approximation in Reinforcement Learning.” Neural Networks 107: 3-11.
https://doi.org/10.1016/j.neunet.2017.12.012.

8) Erb, R. J. 1993. “Introduction to Backpropagation Neural Network Computation.” Pharmaceutical Research 10
(2): 165—170. https://doi.org/10.1023/A:1018966222807.

9) Fernandes, V., G. B. Junior, A. C. de Paiva, A. C. Silva, and M. Gattass. 2021. “Bayesian Convolutional Neural
Network Estimation for Pediatric Pneumonia Detection and Diagnosis.” Computer Methods and Programs in
Biomedicine 208: 106259. https://doi.org/10.1016/j.cmpb.2021.106259.

10) Hachisuka, A., J. D. Shor, X. C. Liu, D. Friedman, P. Dugan, 1. Saez, F. E. Panov, Y. Wang, W. Doyle, O.
Devinsky, E. K. Oermann, and H. B. He. 2026. “Neural and Computational Mechanisms Underlying One-Shot
Perceptual Learning in Humans.” Nature Communications 17 (1): 1204. https://doi.org/10.1038/s41467-026-
68711-x.



https://doi.org/10.1155/2018/7361628
https://doi.org/10.1038/s41598-022-20898-x
https://doi.org/10.1038/s41598-022-20898-x
https://doi.org/10.1126/sciadv.adi9127
https://doi.org/10.1016/j.cmpb.2024.108097
https://doi.org/10.1371/journal.pone.0292380
https://doi.org/10.1016/j.neunet.2023.06.019
https://doi.org/10.1016/j.neunet.2017.12.012
https://doi.org/10.1023/A:1018966222807
https://doi.org/10.1016/j.cmpb.2021.106259
https://doi.org/10.1038/s41467-026-68711-x
https://doi.org/10.1038/s41467-026-68711-x

arXiv:2605.10994v1 [g-bio.NC]) 9 May 2026

11) Han, J. H. 2024. “Efficient Inverse Design of Optical Multilayer Nano-Thin Films Using Neural Network
Principles: ~ Backpropagation and  Gradient Descent.”  Nanoscale 16  (36): 17165-17175.
https://doi.org/10.1039/d4nr01667].

12) Hu, Y., and B. Si. 2018. “A Reinforcement Learning Neural Network for Robotic Manipulator Control.” Neural
Computation 30 (7): 1983-2004. https://doi.org/10.1162/neco_a_01079.

13) Jeon, Y., W. Chang, S. Jeong, S. Han, and J. Park. 2024. “A Bayesian Convolutional Neural Network-Based
Generalized Linear Model.” Biometrics 80 (2): ujae057. https://doi.org/10.1093/biomtc/ujac057.

14) Karunaratne, G., M. Schmuck, M. Le Gallo, G. Cherubini, L. Benini, A. Sebastian, and A. Rahimi. 2021. “Robust
High-Dimensional Memory-Augmented Neural Networks.” Nature Communications 12 (1): 2468.
https://doi.org/10.1038/s41467-021-22364-0.

15) Khadka, S., J. J. Chung, and K. Tumer. 2019. “Neuroevolution of a Modular Memory-Augmented Neural
Network  for Deep Memory Problems.”  Evolutionary  Computation 27 (4): 639-664.
https://doi.org/10.1162/evco_a_00239.

16) Lakin, M. R. 2023. “Design and Simulation of a Multilayer Chemical Neural Network That Learns via
Backpropagation.” Artificial Life 29 (3): 308-335. https://doi.org/10.1162/artl_a_00405.

17) Li, J., D. Wang, X. Liu, Z. Shi, and M. Wang. 2022. “Two-Branch Attention Network via Efficient Semantic
Coupling for One-Shot Learning.” [EEE Transactions on Image Processing 31: 341-351.
https://doi.org/10.1109/T1P.2021.3124668.

18) Liang, J., Z. L. Yu, Z. Gu, and Y. Li. 2023. “Electromagnetic Source Imaging With a Combination of Sparse
Bayesian Learning and Deep Neural Network.” IEEE Transactions on Neural Systems and Rehabilitation
Engineering 31: 2338-2348. https://doi.org/10.1109/TNSRE.2023.3251420.

19) Luo, X., H. Qu, Y. Wang, Z. Yi, J. Zhang, and M. Zhang. 2023. “Supervised Learning in Multilayer Spiking
Neural Networks With Spike Temporal Error Backpropagation.” IEEE Transactions on Neural Networks and
Learning Systems 34 (12): 10141-10153. https://doi.org/10.1109/TNNLS.2022.3164930.

20) Ma, Q., Z. Zheng, W. Zhuang, E. Chen, J. Wei, and J. Wang. 2021. “Echo Memory-Augmented Network for
Time Series Classification.” Neural Networks 133: 177-192. https://doi.org/10.1016/j.neunet.2020.10.015.

21) Magee, Jeffrey C. 2026. “Behavioral Timescale Synaptic Plasticity: Properties, Elements and Functions.” Nature
Neuroscience 29: 520-534.

22) Magotra, A., Y. C. Bangar, and A. S. Yadav. 2022. “Neural Network and Bayesian-Based Prediction of Breeding
Values in Beetal Goat.” Tropical Animal Health and Production 54 (5): 282. https://doi.org/10.1007/s11250-022-
03294-5.

23) Mao, R., B. Wen, A. Kazemi, Y. Zhao, A. F. Laguna, R. Lin, N. Wong, M. Niemier, X. S. Hu, X. Sheng, C. E.
Graves, J. P. Strachan, and C. Li. 2022. “Experimentally Validated Memristive Memory Augmented Neural
Network with Efficient Hashing and Similarity Search.” Nature Communications 13 (1): 6284.
https://doi.org/10.1038/s41467-022-33629-7.

24) Melchior, J., A. Altamimi, M. Bayati, S. Cheng, and L. Wiskott. 2024. “A Neural Network Model for Online
One-Shot Storage of Pattern Sequences.” PLoS ONE 19 (6): ¢0304076.
https://doi.org/10.1371/journal.pone.0304076.

25) Ojha, V., and G. Nicosia. 2022. “Backpropagation Neural Tree.” Neural Networks 149: 66-83.
https://doi.org/10.1016/j.neunet.2022.02.003.

26) Payares-Garcia, D., J. Mateu, and W. Schick. 2023. “Spatially Informed Bayesian Neural Network for
Neurodegenerative  Diseases  Classification.”  Statistics in  Medicine 42  (2): 105-121.
https://doi.org/10.1002/sim.9604.

27) Shen, K., G. Li, A. Chemori, and M. Hayashibe. 2023. “Self-Organizing Neural Network for Reproducing
Human Postural Mode Alternation through Deep Reinforcement Learning.” Scientific Reports 13 (1): 8966.
https://doi.org/10.1038/s41598-023-35886-y.

28) Sun, Y., F. Zhao, Z. Zhao, and Y. Zeng. 2025. “Multi-Compartment Neuron and Population Encoding Powered
Spiking Neural Network for Deep Distributional Reinforcement Learning.” Neural Networks 182: 106898.
https://doi.org/10.1016/j.neunet.2024.106898.

29) Suresh, N., N. Chinnakonda Ashok Kumar, S. Subramanian, and G. Srinivasa. 2022. “Memory Augmented
Recurrent Neural Networks for De-Novo Drug Design.” PLoS ONE 17 (6): €0269461.
https://doi.org/10.1371/journal.pone.0269461.

30) Suri, R. E., and W. Schultz. 1998. “Learning of Sequential Movements by Neural Network Model with
Dopamine-Like  Reinforcement  Signal.”  Experimental — Brain  Research 121  (3):  350-354.
https://doi.org/10.1007/s002210050467.

31) Thompson, J. C., V. M. Zavala, and O. S. Venturelli. 2023. “Integrating a Tailored Recurrent Neural Network
With Bayesian Experimental Design to Optimize Microbial Community Functions.” PLoS Computational
Biology 19 (9): €1011436. https://doi.org/10.1371/journal.pcbi.1011436.

32) Tyagi, A., C. Xie, and K. Mueller. 2023. “NAS-Navigator: Visual Steering for Explainable One-Shot Deep
Neural Network Synthesis.” IEEE Transactions on Visualization and Computer Graphics 29 (1): 299-3009.
https://doi.org/10.1109/TVCG.2022.3209361.

10


https://doi.org/10.1039/d4nr01667j
https://doi.org/10.1162/neco_a_01079
https://doi.org/10.1093/biomtc/ujae057
https://doi.org/10.1038/s41467-021-22364-0
https://doi.org/10.1162/evco_a_00239
https://doi.org/10.1162/artl_a_00405
https://doi.org/10.1109/TIP.2021.3124668
https://doi.org/10.1109/TNSRE.2023.3251420
https://doi.org/10.1109/TNNLS.2022.3164930
https://doi.org/10.1016/j.neunet.2020.10.015
https://doi.org/10.1007/s11250-022-03294-5
https://doi.org/10.1007/s11250-022-03294-5
https://doi.org/10.1038/s41467-022-33629-7
https://doi.org/10.1371/journal.pone.0304076
https://doi.org/10.1016/j.neunet.2022.02.003
https://doi.org/10.1002/sim.9604
https://doi.org/10.1038/s41598-023-35886-y
https://doi.org/10.1016/j.neunet.2024.106898
https://doi.org/10.1371/journal.pone.0269461
https://doi.org/10.1007/s002210050467
https://doi.org/10.1371/journal.pcbi.1011436
https://doi.org/10.1109/TVCG.2022.3209361

arXiv:2605.10994v1 [g-bio.NC]) 9 May 2026

33) Wang, Y., W. Xiong, J. Yan, Y. Zhou, C. Zhu, X. Miao, Y. He, and Y. Chai. 2026. “Brain-Inspired Synaptic
Transistors for In-Situ Spiking Reinforcement Learning with Eligibility Trace.” Nature Communications 17 (1):
3001. https://doi.org/10.1038/s41467-026-69898-9.

34) Wei, Z., Q. Li, J. Wei, and W. Bian. 2022. “Neural Network for a Class of Sparse Optimization with L(0)-
Regularization.” Neural Networks 151: 211-221. https://doi.org/10.1016/j.neunet.2022.03.033.

35) Wu, D., G. Jin, H. Yu, X. Yi, and X. Huang. 2025. “Optimizing Event-Driven Spiking Neural Network with
Regularization and Cutoft.” Frontiers in Neuroscience 19: 1522788.
https://doi.org/10.3389/fnins.2025.1522788.

36) Xiao, D.,K.F. Liang, K. Ji, and J. C. Kao. 2025. “Using Reinforcement Learning to Investigate Neural Dynamics
During Motor Learning.” Annual International Conference of the IEEE Engineering in Medicine and Biology
Society 2025: 1-7. https://doi.org/10.1109/EMBC58623.2025.11252999.

37) Yang, S., Y. Zhou, X. Chen, C. Li, and H. Song. 2023. “Fault Diagnosis for Wind Turbines with Graph Neural
Network Model Based on One-Shot Learning.” Royal Society Open Science 10 (7): 230706.
https://doi.org/10.1098/rs0s.230706.

38) Yin, C., J. Tang, Z. Xu, and Y. Wang. 2020. “Memory Augmented Deep Recurrent Neural Network for Video
Question Answering.” [EEE Transactions on Neural Networks and Learning Systems 31 (9): 3159-3167.
https://doi.org/10.1109/TNNLS.2019.2938015.

39) Zhang, A., X. Li, Y. Gao, and Y. Niu. 2022. “Event-Driven Intrinsic Plasticity for Spiking Convolutional Neural
Networks.” [EEE Transactions on Neural Networks and Learning Systems 33 (5): 1986-1995.
https://doi.org/10.1109/TNNLS.2021.3084955.

40) Zhao, S., J. Yang, J. Wang, C. Fang, T. Liu, S. Zhang, and M. Sawan. 2023. “A 0.99-to-4.38 pJ/Class Event-
Driven Hybrid Neural Network Processor for Full-Spectrum Neural Signal Analyses.” IEEE Transactions on
Biomedical Circuits and Systems 17 (3): 598—609. https://doi.org/10.1109/TBCAS.2023.3268502.

41) Zhou, P, L. Han, L. Peng, L. L. Liu, N. N. Wang, J. Ma, and Y. L. Ma. 2023. “Instantancous Sap Flow Velocity
Simulation of Euonymus bungeanus Based on Neural Network Optimization Model.” Ying Yong Sheng Tai Xue
Bao 34 (8): 2123-2132. https://doi.org/10.13287/].1001-9332.202308.019.

42) Zhuang, Y., C. Wu, H. Wu, Z. Zhang, Y. Gao, and L. Li. 2020. “Collaborative Neural Network Algorithm for
Event-Driven Deployment in Wireless Sensor and Robot Networks.” Sensors 20 (10): 2779.
https://doi.org/10.3390/s20102779.

SUPPLEMENTARY MATERIAL

Deterministic implementation of internally triggered retrospective learning. The following algorithm specifies the
input construction, state update, prediction error computation, adaptive thresholding, eligibility-trace accumulation, event
detection, normalized retrospective weight update, post-event stabilization and post hoc state-space analysis.
Initialize the simulation parameters T = 180 s, At = 0.01s,n =12,m = 8,75 = 4s,7, = 10s, 7, = 10s, k = 2.2, =
0.025, 2 = 0.010, § = 1079 and refractory interval r = 7.5 s. Fix the random seed before generating all stochastic
quantities.
Generate the full input matrix X € RV*", where N = T /At. Define four prototype input patterns p;, p,, Ps, P+. For each
time point, assign the appropriate episode prototype, add sinusoidal drift and Gaussian noise, insert predefined
perturbation intervals and clip all input values to [0’ 40] spikes/s.
Initialize the weight matrix W € R™™ by sampling

W;;(0) ~ V' (0.052,0.014),

then clipping to
0.005 < W;;(0) < 0.10.

Initialize the predictor matrix
A=0.88]+T,

where

Set
El](o) =0, ”(0) = O'U(O) = 1,h(0) =0, tlast = —.

For each time step t;, = kAt, k = 1, ..., N, perform the following operations in this exact order.
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First, read the current input vector:
Xp = X [k o ]

Second, compute the current latent state using the current weights before any possible update:
by = 30tanh (0
x = 30tan 20 |-

Third, compute the predicted latent state from the previous latent state:
Bk = Ahk—l'

Fourth, compute the internal prediction error:

1< R
&k = Ezl(hk’]—hk‘]) .
]:

Fifth, update the running mean of prediction error:

I
W = Moy + At ———

Ty

Sixth, update the running variance:
(ex—1p)?* — vy

v

Vi = Vk-q + At

If numerical rounding gives v, < 0, set
Vp = 10_9.

Seventh, compute the adaptive threshold:

O = W +K\/V_k-

Eighth, compute the instantaneous co-activation matrix:
max (hj,k B 0)

Cijr = Xix 30

Ninth, update the eligibility traces:
—Ejjr-1+ Cijk

Eij,k = Eij,k—l + At
Tg

Tenth, evaluate the event condition:
{1, €k > Qk and tk - tlast >,
Pk = .
0, otherwise.

Eleventh, if P, = 1, compute the global eligibility normalization:
Enax k = mﬂx Eijk
B E..
Eijpe = —2—.
Emax k +46

Then update all weights simultaneously:
Wijk+1 = Wiji + 1Eij i — 1AW, k.

After the update, clip all weights:

Wiy ser1 = min (018, max (0.001 W;;41)).

Set
tlast = ti

and apply post-event stabilization:
U = 085#]( + 0.15£k,
Vg = 1'251]1('
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If P, =0, set
Wi = Wy

Twelfth, store hy, &, tg, Vi, Ok, Ex, Wiiq and P. Then proceed to the next time step using
h,_; « h,.

After completing all time steps, compute event times as
{tk: Pk = 1}

n
1 m
W(ty) = v Z Wiji -
Jj=1
=1

Compute event-specific mean weight jump as

n
m
-t z W, Wi |
Jk = v . i k1 i,k
Jj=1
i=1
for all ksuch that P, = 1.

For state-space analysis, form the latent-state matrix

Compute mean synaptic efficacy as

h{
H=|h]
hj
Center it as
H,=H-—1hT,
where
N
-1
h= NZ h,.
k=1
Apply singular value decomposition:
H,=UZVT".

Project the trajectory onto the first two principal coordinates:
Z = H_V,.

For each event time t,, compute the retrospective geometric distance over the previous 6 s:
D.(s) =l z(t,) — z(s) lly,

with
S € [t, — 6,t,].
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Abstract. In this study, the geometric and topological aspects of mechanical grippers are investigated. The main focus is on their mechanical
behaviour during a precision pinch. Precision pinch is one of the fundamental grasping mechanisms. It occurs when the thumb and index finger
come together to grasp small objects, dynamically altering the gripper’s geometric and topological configuration. These localised geometric
changes can affect force distribution, grip stability, and overall mechanical efficiency. A computer simulation was performed to quantify
geometric and topological transformations during precision pinch and their impact on force trajectories. These trajectories were analysed in terms
of geodesics on a torus, representing the shortest paths between two points on the fingers’ surface. It was demonstrated that variations in gripper
geometry influence mechanical force distribution and structural connectivity. Incorporating geometric and topological modelling into gripper
design may lead to adaptable bionic devices. Furthermore, this method may help identify stress-prone areas, optimising force trajectories and
stress pathways while addressing the limitations of existing models that oversimplify grasping mechanics.

Keywords: gripper; grasping; topological distance; ODE; Nemenyi theorem.

1. INTRODUCTION

Unlike previous studies, which primarily focus on kinematic
control or optimisation algorithms, this work proposes a concep-
tual framework in which the force distribution emerges naturally
from the geometric and topological properties of the gripper.
Mechanical grippers are designed to grasp, hold, position, and
orient objects. They are crucial for tasks such as assembly and
material handling. Mechanical grippers function as the “hands”
of robots, enabling interaction with the physical environment.
This study investigates the intrinsic mechanical properties of
gripper movements, particularly precision pinch. Rather than
relying on external control signals or computationally intensive
algorithms, this framework emphasises internal force distribu-
tion mechanisms. Unlike conventional models that treat the hand
as a static system, this framework takes into account the dynamic
nature of hand movements. A potential advantage of this frame-
work is its ability to address force determination challenges in
overconstrained systems, similar to hyperredundant mechanisms
such as elephant trunk robots [1]. These systems, which feature
high degrees of freedom and complex segment interactions, face
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challenges in distributing forces efficiently [2]. Traditionally,
such control problems are solved using optimisation techniques
that balance energy expenditure and stability [3,4]. However,
these methods often rely on intricate inverse kinematics and
iterative computations.

By grounding the force distribution in geometric and topo-
logical principles rather than predefined control rules or config-
urations, this approach may be applicable to a range of pinch
and grasp types. The method’s ability to adapt force trajectories
along geodesic paths may suggest potential robustness to differ-
ent grasping strategies, such as lateral pinch, key pinch, or power
grasps. Additionally, accounting for local geometric variations
in the gripper-object interface may contribute to efficient force
application across different grip configurations. Even in the pres-
ence of external perturbations, the geodesic-based optimisation
framework could help maintain stable force trajectories, min-
imising stress concentrations. Understanding stress pathways
and geometric adaptations in gripper movements could also im-
prove durability.

Conceptual models are used to communicate the system’s
functionality and structure to stakeholders. They are high-level
representations of a system (see Fig. 1). The model is an abstract
representation of the results from reality. The conceptual (or
logical) model depicts what a system is or does. The implemen-
tation model is a technical representation (usually less abstract
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Fig. 1. Activity diagram of a generic conceptual model

than the conceptual model) of how the system is implemented.

Popular synonyms are the implementation model and the tech-

nical model. The primary objective of a conceptual model is the

representation of the fundamental principles and basic function-

ality of the system. It must provide an easily understood system

interpretation for the system developers. According to [5, 6], a

conceptual model, when properly implemented, should satisfy

four fundamental objectives.

1. Enhance an individual’s understanding of the representative
system.

2. Facilitate efficient conveyance of system details between
stakeholders.

3. Provide a point of reference for system designers to extract
system specifications.

4. Document the system for future reference and provide a
means for collaboration.

Conceptual models help clarify the core principles and be-
haviours of the system [7]. They create a basis for further devel-
opment and implementation. The human hand, a paradigmatic
example of a mechanical system, provides a compelling subject
for study due to its accessibility and the availability of non-
invasive, cost-effective methodologies. More on the subject can
be found in [8].

Advances in hand mesh reconstruction algorithms and kine-
matic models utilise precise three-dimensional representations
of the hand in various poses [9]. Additionally, combining
marker-based motion capture with deep learning-based hand
mesh reconstruction facilitates the estimation of contact regions

between the hand, fingers, and object surfaces [10, 11]. This
study focuses on understanding how local geometric variations
(e.g., shape, size, and form) during grasping produce detectable
mechanical effects. Central to this analysis is the application of
topological principles, particularly the classification of shapes
based on connectivity and topological “holes”. For example, a
sphere without holes (genus 0) differs fundamentally from a
torus with one hole (genus 1) [12]. In this paper, geometric and
topological aspects are integrated to describe gripper mechan-
ics. We argue that temporal geometric variations significantly
impact the force distribution, while topological modelling serves
as a link between mechanics and structural analysis, offering a
comprehensive understanding of grasping dynamics.

Agile software development is a flexible project management
approach focused on a short software development cycle. It
advocates continuous software improvement and ongoing team-
work. It contrasts with a rigid, step-by-step classic software
design and implementation method. However, these agile soft-
ware development principles are only applicable to the imple-
mentation (not conceptual) models. Implementation (or physical
models are not a part of this research effort.

The objectives of this study are threefold. First, we seek to
identify localised geometric and topological changes in the hand
during precision pinch — a fundamental grasping action involv-
ing the thumb and forefinger — and their effects on force trajec-
tories. Second, we develop mathematical (conceptual) models
that enable predictions of mechanical performance. Third, we
address the limitations of existing approaches and explore how
our insights can inform the development of the next generation
of bionic devices.

2. GEOMETRY AND TOPOLOGY OF GRASPING

Gripper mechanics provide a paradigmatic example of how ge-
ometric configuration affects movement. The hand consists of a
stable wrist and at least two fingers that can oppose each other
to generate force [13]. The thumb, a unique feature of humans
and higher primates, accounts for approximately 40% of hand
function [14, 15]. The motor, sensory and mechanical charac-
teristics of the hand are closely correlated, allowing for a wide
range of actions [16]. However, the ability of the hand to adapt
to different positions and apply appropriate mechanical forces is
crucial to recovering from injuries and surgeries [14]. Regarding
mechanical movements, the basic functions of the hand include
various types of grasps, classified in several ways [17, 18]. The
main types of grasps include (Figs. 2A-G):

1. Precision pinch (or terminal grip, palmar grip, fingertip-
to-fingertip): The fingertips come together to grasp small
objects, such as a pen.

2. Lateral or opposing grasp: The thumb opposes laterally to
generate greater force, for example, when holding a ticket.

3. Key grip: Requires stable support of the index finger and is
used to hold a key.

4. Cylindrical grip (or chuck grip): Allows wrapping around
small cylindrical objects by joining the thumb, index, and
middle fingers.

5. Hook grip: Used to lift a suitcase or bag.
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6. Spherical grip: Used to grasp a ball.

7. Power grip: Used for movements such as holding a stick or
a bat.

Another classification of grasps is based on the grip strength
[18,19]:

1. Precision grip: Characterised by thumb abduction or oppo-
sition. In this grip, the hand assumes a dynamic position and
includes grips 1-4 listed above.

2. Power grip: The adductor pollicis stabilises the object
against the palm. In this grip, the hand is in a static position
and includes grips 2, 5-7. Grip strength tends to decrease
with age [20].

Among these, we focus on the precision pinch, as it repre-
sents the most fundamental and minimal form of grasping, pro-
viding a conceptual model for analysing gripper mechanics. In
this grasp, one finger remains stationary while the other moves
against it [13], generally involving the thumb and index finger
to manipulate small objects with precision. The movement of
the gripper during a precision pinch induces localised geometric
changes, thereby influencing the distribution of forces (Fig. 2H).

Fig. 2. Geometry of grasping the hand: A—G: Basic types of prehension

as defined by [17, 18] and [14]. See the text for the nomenclature and

further details; H: Two human hands before and after a precision pinch

made with the thumb and forefinger. The change in configuration affects
the geometry of the hand
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To understand this distribution, available conceptual models can
be used to describe how force is applied across different points
in space.

The total force exerted by the gripper can be broken down
into components along three perpendicular directions. The way
forces are distributed across the gripper surface can be repre-
sented by a continuous function that considers the central point
of the grip and how the force spreads in different directions. In
addition, the internal stress generated by these forces depends
on how the force is applied and on the material properties of
the gripper. To analyse internal forces, the concept of a stress
tensor can be used, which represents how force is distributed
within the hand’s tissues [21,22]. The hand, being a deformable
body, follows certain equilibrium principles, ensuring that exter-
nal forces and moments remain balanced. The response of hand
tissues to applied forces depends on their material properties,
which do not always follow simple elastic behaviour. Instead,
biological tissues exhibit viscoelastic properties, which means
that their response changes over time under varying loads [22].
To realistically describe how soft tissues behave dynamically,
a set of equations is required that incorporate viscoelastic and
nonlinear deformation effects to capture how forces and stresses
evolve over time [23,24]. This modelling approach enables the
calculation of the force distribution on the surface of the gripper,
how these forces translate into internal stresses, the dynamic be-
haviour of the gripper during grasping, and the time-dependent
nature of tissue deformation.

Flows and paths occurring on a three-dimensional manifold
(such as a 3-ball) differ significantly from those on a donut-
like solid torus. For instance, when studying the propagation of
sound waves or the viscoelastic attenuation of shear and longi-
tudinal waves in isothermal and thermal fluids, the non-uniform
curvature of the torus requires a distinct spectrum of eigenfre-
quencies and their corresponding basis functions, unlike planar
geometries [25]. A continuous manifold can be described as
a three-dimensional continuous space, while a solid torus is
characterised by a central axis with a vortex at each end and a
coherent field surrounding it. Energy flows through one vortex
along the central axis, exits through the other vortex, and wraps
around itself to return to the first vortex. Toroidal structures ex-
hibit unique characteristics, such as the simultaneous presence
of positive, zero, and negative Gaussian curvatures within the
same system [26]. Trajectories in a torus can be described in
terms of geodesics, the shortest lines between two points on
the surface [27]. A useful approach to mathematically describe
geodesics in a torus is to consider them as paths traced over
time by the movement of a point on the surface, with the pa-
rameter identified with time itself [21,28]. Geodesics are funda-
mental for understanding the force distribution during grasping
(Fig. 3). We argue that during precision pinch, the applied force
trajectories may align with geodesics on the manifold defined
by the gripper-object interface, minimising energy expenditure
and maximising mechanical efficiency. Neményi’s Theorem can
further enhance this geodesic-based approach by establishing a
connection between isothermal curves and planar stress systems,
providing a robust mathematical framework for predicting stress
trajectories in elastic materials.
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Fig. 3. Different paths of geodesics that move across the surface of a
torus. A geodesic on a torus is a curve on the toroidal surface that
may wind multiple times, forming loops around both the longitudinal
axis and through the central hole. Modified from [30]. A-E: Two sets
of geodesics emanating from a “base point” — in our case, the contact
point between the thumb and forefinger — are shown and plotted for a
distance corresponding to a given radius (thin curves). The two sets of
geodesics focus along curves called conjugate loci, whose components
are depicted as either heavy red or blue curves. As the geodesics ap-
proach the inner equator of the torus, the conjugate points move farther
apart, and the resulting geodesic pattern on the torus surface becomes
increasingly complex. Modified from [31]; F illustrates the different
families of geodesics that take place in the toroidal structure formed by
the pinch. Modified from [32]

3. SIMULATING HAND DYNAMICS THROUGH GEOMETRIC
AND TOPOLOGICAL PRINCIPLES

The transition from standard force, stress, and strain equations to
the topological framework relies on abstracting the mechanical
properties of the hand during grasping into a broader geometric
and structural perspective. The mathematical approach begins
with the equilibrium equations for deformable bodies, where the
sum of forces and moments is zero. These are complemented by
constitutive models, such as Hooke’s law, which connect stress to
strain through the stiffness tensor. The stress tensors capture the
internal force distribution, while the strain quantifies the corre-
sponding deformation. The spatial complexity of these interac-
tions is often modelled as a force field, expressed as a continuous
function of coordinates. As the hand transitions through differ-
ent configurations during grasping, the distribution of stress and
strain reveals emergent structural features. These features can be

abstracted as a continuous manifold, where the force trajecto-
ries naturally align along geodesics. In this context, geodesics
represent the shortest paths of mechanical energy flow across
the gripper-object system. The relationship between stress and
geodesics is formalised in continuum mechanics, where stress
trajectories correspond to isothermal curves described by the
equilibrium equations [29]. For instance, in a planar elastic sys-
tem, these curves are solutions to differential equations balanc-
ing the stress components in Cartesian coordinates.

The study moves to topology by focusing on the large-scale
properties of these stress pathways rather than their precise val-
ues. For example, a hand at rest can be modelled as a genus-zero
manifold without holes resembling a sphere-like structure. Dur-
ing a precision pinch, the dynamic contact between the thumb
and forefinger introduces localised voids or “holes” in the ge-
ometry of the gripper-object interface, representing topological
transformations that alter the system’s genus. The connection
between mechanics and topology becomes evident when stress
trajectories are analysed as a network. In this framework, critical
stress points, such as high-stress regions, are treated as nodes,
whereas geodesic paths form edges connecting these nodes. The
network evolves as forces are applied and undergoes topolog-
ical transitions such as the creation of loops or the merging
of pathways. The localised voids and pathways formed during
grasping reveal how the gripper redistributes mechanical en-
ergy efficiently. By incorporating the large-scale connectivity
and void formation observed in the gripper-object system, our
approach captures the emergent properties of the force distribu-
tion during grasping.

A numerical simulation was conducted to evaluate whether
geodesic principles improve force distribution and grip effi-
ciency. The study modelled precision pinch involving the thumb
and index finger and examined optimisation of force application
through geodesic-based adjustments. The simulation was struc-
tured to compare conventional force distribution with geodesic-
optimised force trajectories. A gripper model was created, fo-
cusing on a single finger’s length to represent the interaction
between the thumb and index finger during a precision pinch.
The simulated finger was modelled as a curved structure, discre-
tised into 100 points, each corresponding to a spatial position
along the finger length of 10 cm. The force application was
concentrated at these points, with the total applied force mod-
elled as a Gaussian function centred at the middle of the finger
length, representing a natural grasping force profile. The max-
imum force was set at 15 N. The force width parameter was
set to 1.5 cm. The contact area was set to 0.5 cm. The initial
force trajectory was assumed to follow a linear function, evenly
distributing the applied force along the finger. However, this
does not align with the natural mechanical structure of a grip-
per, leading to excessive force in certain regions and instability
during grasping. A numerical optimisation algorithm based on
geodesic curvature was applied to optimize force distribution.
The objective of the optimisation was to minimise the discrep-
ancy between the applied force and the natural force trajectory
along the geodesic paths of the surface. The initial guess for
the optimisation was a linear force application ranging from
0 to 15 N. A quasi-Newton method, implemented using the
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BFGS (Broyden-Fletcher-Goldfarb-Shanno) optimisation algo-
rithm [33], was used to refine the force trajectory. The resulting
optimised force path showed a smoother distribution, reduc-
ing peak stress areas and balancing the force applied along the
finger.

The simulation was implemented in Python, using NumPy
for array manipulation, mathematical operations and numerical
calculations. SciPy’s BFGS optimisation algorithm was applied
to minimise force deviation and compute an optimised geodesic-
based force trajectory. Data visualisation was carried out using
Matplotlib to compare the conventional versus optimised force
distribution along the gripper.

The total force applied during a grasp is modelled using a
Gaussian function:

(.xf)(())z

F(x)=Fpe 207 . (D

For F the maximum force, x represents the position along
the contact region, x is the centre of force application, and o is
the width parameter controlling force distribution.

This function models how the force is naturally distributed
during a precision pinch. Stress o is defined as:

F

T 2

o=

where: o is the stress (in N/m?), F is the applied force (in
Newtons), A is the contact area (in m?).

As the gripper transitions through different configurations
during grasping, the distribution of stress and strain reveals
emergent structural features. These features can be abstracted as
a continuous manifold, where force trajectories naturally align
along geodesics. In this context, geodesics represent the shortest
paths of mechanical energy flow across the gripper-object sys-
tem. The relationship between stress and geodesics is formalised
in continuum mechanics, where stress trajectories correspond to
isothermal curves described by equilibrium equations.

The optimisation process involves defining a cost function:

C(T)z/T(x)dx, 3)

where C(T') the cost of force application over the trajectory T (x)
is quantified.
The energy function E is given by:

E:Zn:F[, “4)
i=1

where F; are the individual force components contributing to
the total force.

Numerical optimisation was performed using SciPy’s min-
imise function to adjust force trajectories according to geodesic
paths. Numerical optimisation was performed using the Se-
quential Least Squares Programming (SLSQP) algorithm im-
plemented by using SciPy’s optimize.minimize function. The
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Comparison of Conventional vs. Optimized Force Distribution
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Fig. 4. Comparison of conventional vs. optimised force distribution.
The figure illustrates the difference between conventional and geodesic-
optimised force distribution along the length of a finger during a pre-
cision pinch. The red dashed line represents the conventional force
distribution, which exhibits a higher peak stress concentration around
the central contact point. This uneven force application can lead to
instability and excessive pressure in localised regions. The solid blue
line shows the optimised force trajectory, which follows geodesic paths,
resulting in a smoother distribution of applied forces. This reduces the
areas of maximum stress and improves grip stability. The x-axis indi-
cates the spatial location along the finger where force is applied during
grasping, while the y-axis represents the magnitude of force applied at
different positions along the contact region

procedure minimised the squared deviation between the discre-
tised force distribution and the prescribed target profile, sub-
ject to conservation of total force and pointwise force bounds.
Geodesics provided the geometric framework for interpreting
configuration-dependent force pathways, while the constrained
optimisation operated directly on the discretised force profiles
used in the simulations. The optimisation aimed to align the
applied forces with the natural mechanics of grasping, leading
to a significant reduction in the localised stress peaks. The im-
provement in force efficiency was quantified using the equation:

2F(x)
2(Fx)-Tx))

resulting in an overall improvement in efficiency of 17.8%.
Our numerical simulation confirmed that geodesic-based
force optimisation can significantly improve gripper design by
improving grip efficiency and stability — see Fig. 4. A 17.8%
increase in force efficiency demonstrates the method’s effective-
ness in optimising force trajectories. The topological analysis of
stress trajectories allows engineers to address potential failure
points. By reinforcing areas prone to high stress or optimis-
ing the arrangement of materials to follow geodesic paths, the
gripper may improve device durability. By aligning force distri-
bution with geodesic paths, the gripper may achieve smoother
grip transitions, reducing energy dissipation and enhancing user
comfort. Dynamic adjustment to varying grip strengths and ob-
ject geometries may make grippers more adaptive to real-world
conditions, since stabilised grasping may minimise excessive

E=100(1- (5)
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pressure points and decrease the likelihood of slippage. A po-
tential benefit of geodesic-based optimisation is its ability to
address excessive localised pressure, a common issue in con-
ventional grippers, leading to discomfort and inefficient energy
transfer. By distributing the forces more evenly, our method
may increase durability and wearability. Additionally, geodesic-
based force optimisation may enable grippers to adjust grip
strength in real-time to different object geometries, ensuring
intuitive interaction in fine motor tasks.

4. CONCLUSIONS

Conceptual models operate at a higher level of abstraction than
implementation or technical models. They are constructed with-
out redundant details, constraints, specific parameters, and ini-
tialisation conditions to create a “big picture”. The higher ab-
straction level allows designers to discover more solutions or
solutions of better quality, since higher abstraction does not
restrict the search for more general solutions. Needless to say
that conceptual models are of fundamental importance when
the “code-and-fix” approach is practiced by software develop-
ers. Implementation models include details such as tolerance
levels, iteration limits, and stopping criteria for the optimisation
algorithms and heuristics. In the presented case, implementa-
tion models should incorporate sensor technologies to measure
force trajectories in real-world grasping tasks [34,35]. In soft-
ware development, one of the first problems is the highest level
of a conceptual model for a business problem solution selection.
It can be done by a bespoke solution (understood as a product,
service, or strategy built completely from scratch to fit the exact
needs of one specific person or business) or by in-house software
development. Both of them have advantages and disadvantages
and for an implementation model of it a pairwise comparisons
method could be used (as one of many existing multi-attribute
decision-making methods) [36].

In paper, a numerical methodology by adopting constrained
SLSQP optimisation with an explicit objective function, force-
conservation constraint, and pointwise bounds was refined.
In the proposed conceptual framework, the force distribution
emerges from the topological and geometric properties of the
gripper and dynamic nature of hand movements. Thanks to sim-
ulations it was possible to give final results where the difference
between conventional and geodesic optimised force distribution
along the length of a finger during a precision pinch are shown.
In the conventional approach, a higher peak force stress concen-
tration around the central contact point is seen. But as a negative
consequence, uneven force can lead to instability and excessive
pressure in localised regions [37]. In the proposed approach, a
smoother distribution of applied forces is seen. It reduces the
areas of maximum stress and system instability.

Future work should define the constraints applied to force tra-
jectories, the mathematical formulation of geodesic-based force
adaptation, and parameters governing initial force distribution.
For example, the Gaussian force profile used to simulate natural
grasping should specify values such as its mean, variance, and
the function governing the stress tensor. Expanding this model

to account for multi-finger interactions and more complex hand
movements would also be a valuable direction [38]. The focus
here is on precision pinching as a fundamental grasping action.
Applying these principles to a wider range of grip types may
require further refinement of the modelling approach.

Grasping is a fundamental mechanism of holding things in
hands. Precision in grasping small objects contradicts with dy-
namical altering the gripper’s geometry for heavy objects. This
could be a very challenging process. Since most people possess
two hands, future research could also investigate the pairwise
comparisons method (for details, see [39—41]). Turning left or
right, going up or down, increasing or decreasing movement
speed are only a few examples of pairs involved in decision mak-
ing by robots. This can be especially crucial for autonomous hu-
manoid robots [42]. Their adaptation to dynamic environments
can be essential for artificial agents aiming to collaborate with
people interactively. A social humanoid robot can adapt its be-
haviour to different users and may produce a more successful
interaction.
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ABSTRACT

Breastfeeding efficiency relies on coordinated tongue motion, sustained tissue contact and maintenance of an effective
intraoral seal. Current assessments of seal formation mainly use local kinematic descriptors or pressure recordings, which
do not capture the global structural continuity of the sealing region. We introduce a systolic geometry—based approach in
which each sagittal ultrasound frame is modeled as a two-dimensional deformable domain bounded by tongue, palate and
nipple contours. Global seal continuity is formalized through the shortest closed curve that cannot be contracted to a point
because of the overall geometry of the domain. The nipple defines a central region that must be circumferentially enclosed
by a contact band to maintain suction. Within this band, closed curves encircling the nipple exactly once can be identified;
the shortest of these curves defines a normalized systolic index representing the tightest admissible sealing loop.
Simulations of symmetric thinning, localized discontinuities and cyclic perturbations reveal feasibility boundaries
separating seal-preserving from seal-breaking configurations. Notably, admissible encircling curves may transiently
disappear even when overall geometric motion remains smooth. By capturing global circumferential continuity that
cannot be inferred from local metrics alone, our approach generates testable hypotheses linking the existence and temporal
stability of admissible encircling curves to milk transfer efficiency and vacuum stability. Applied to segmented ultrasound
data and integrated with pressure measurements, our systolic approach could provide a quantitative framework for
objective assessment of seal integrity and longitudinal monitoring of latch stability.
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INTRODUCTION

Breastfeeding efficiency depends on coordinated interactions among tongue deformation, nipple positioning, intraoral
pressure modulation and maintenance of an effective oral seal (Wen et al. 2022; Hill, Richard, and Pados 2023).
Quantitative investigations rely primarily on ultrasound-based analysis, pressure measurements and anatomical
descriptors like tongue excursion amplitude, nipple compression depth and palate—tongue distance (Elad et al. 2014;
Scheuerle et al. 2017; Alatalo et al. 2020; Murakami et al. 2020; Adjerid et al. 2023). These approaches have improved
the understanding of suck—swallow—breathe coordination and latch mechanics, clarifying differences associated with
prematurity or ankyloglossia (Ito 2014; Costa-Romero et al. 2021; Cordray et al. 2023; Rossato 2025). However, most
current metrics are local and scalar, focusing on displacement magnitudes or gap distances at selected points. They do not
explicitly account for the contact region’s global geometric continuity that sustains negative intraoral pressure. Seal
integrity is often inferred indirectly from pressure traces or visual inspection rather than assessed through structural
invariants (Martin-Harris et al. 2020; Aoyagi et al. 2021; Jiang et al. 2021; Kabakoff et al. 2021; Kabakoff et al. 2023).
Indeed, locally similar configurations may differ in their global capacity to maintain a continuous encircling contact band.
A formal description of oral seal formation integrating geometry and topology remains underdeveloped, particularly in
two-dimensional ultrasound representations where the seal is usually inferred from time-varying contours.

Our theoretical study aims to simulate oral seal formation during breastfeeding using systolic geometry principles.
Systolic geometry is a branch of mathematics assessing the shortest closed loop that cannot be “shrunk away” because of
the shape of the surrounding space (Katz 2007; Columbus et al. 2022; Bihni 2026). In our context, this means identifying
the smallest closed path that fully surrounds the nipple while remaining inside the contact area between tongue and palate.
If such a loop exists, the seal is structurally intact; if no such loop can be drawn, the seal is broken.

For each ultrasound frame, we would represent the oral cavity as a two-dimensional shape defined by the contours of the
tongue, palate and nipple. Within this shape, we would identify the region where the tongue and surrounding tissues are
sufficiently close to sustain suction. We would then search for closed curves inside this region wrapping once around the
nipple. Among all admissible curves, we would select the shortest one. This “minimal encircling curve” would define a
measurable length scale that reflects how tight and continuous the seal is. Using simulated deformable shapes, we would
examine how small geometric changes, such as thinning of the contact band or localized gaps, could affect the presence
and size of this encircling curve. The aim is to describe seal integrity as a structural, measurable property rather than
relying only on local movement or pressure values and to provide quantitative descriptors that can later be tested in clinical
studies.
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We will proceed as follows. First, we formalize the geometric representation of the oral domain and define admissible
encircling curves. Second, we introduce the systolic invariant and its normalization. Third, we present simulation results
illustrating seal-preserving and seal-breaking perturbations. Finally, we compare our invariant with conventional
kinematic descriptors and describe the practical outcomes of our theoretical approach.

METHODS

We describe the mathematical construction, simulation procedures and computational techniques to formalize oral seal
formation as a topology-constrained geometric problem in two dimensions. All results derive from analytically defined
deformable domains and numerical simulations; no empirical ultrasound data were processed.

Geometric representation of the oral domain. Each instantaneous sagittal configuration of the infant oral cavity was
modeled as a bounded planar domain Q, < R2. The nipple cross-section was represented as a compact, simply connected
subset N, < (), approximated by a disk of radius 7, centered at ¢, € R? such that N, = {x € R?: || x — ¢, IS 1,}. The
effective contact band A, c €, \ int(N;) was defined as a closed annular-type region surrounding N;, representing the
seal-supporting domain. Topologically, A, was constructed to admit either homotopy type St X [0,1] (seal-preserving
configuration) or a disconnected or simply connected variant (seal-breaking configuration), consistent with the schematic
shown in Figure 1.

The metric structure on Q, was taken to be the Euclidean metric inherited from R?, with arc length defined as

Length(y) =f ly(s) Il ds,
0

for any rectifiable curve y:[0,1] = ;. Discretization was performed on a uniform grid of resolution 300 X 300points
over a square domain [—L, L]?, with L = 37,. Binary masks represented membership in A4,. Connectivity was defined
using 8-neighborhood adjacency to preserve diagonal continuity.

Admissible encircling curves and winding constraint. Let ['(4,) denote the set of closed, piecewise C! curves y C A,.
A curve y € I'(A;) was deemed admissible if it satisfied the winding number condition
wind(y,¢c;) =1,

where

_ 1 [ (x—c)t dx
wind(y, c;) = o | i
14

with (x—c;)* denoting the 90-degree rotation of the vector x — c,. This integral formulation ensures that admissible
curves represent generators of the first homology group H, (4;; Z). The systolic invariant was defined as

sys(t) = YeT(Ap), évrilgd(y,ct)zl Length()-

If no such curve existed, sys(t) was declared undefined. In discretized domains, candidate loops were extracted via graph-
based cycle detection restricted to pixels in A, and winding numbers were computed by polygonal approximation. The
minimal admissible cycle length was obtained using repeated Dijkstra searches between sampled boundary nodes
combined with closure constraints enforcing nontrivial homology.

Parametric construction of seal-preserving/seal-breaking domains. Seal-preserving configurations were generated as
annular regions
A, D) ={x eER%1 <l x—c; IS 1 + 1},

where 7 > 0 denotes band thickness. Seal-breaking configurations introduced angular discontinuities of magnitude ¢ by
removing a sector
Sp ={(r,0):r, <r <1 +7, 10—06,I<$/2}

The resulting domain was A(8,7,¢) = A(8,7) \ Sg. For ¢ = 0, the domain remained topologically annular; for ¢ > 0,
admissibility depended jointly on rand ¢.

For each pair (7’ ¢), feasibility of an admissible curve was tested algorithmically. If feasible, the systolic length was
computed numerically. This procedure produced the two-parameter regime map shown in Figure 1. Parameter grids were
sampled uniformly over 7 € [0,1] and ¢ € [0, ] using 300 points per axis.
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Systolic regime mapping and feasibility boundary extraction. To identify the topological transition boundary, a
Boolean feasibility function
1, if admissible curve exists,

F(z.9) = {0, otherwise,

was evaluated across the parameter grid. The critical boundary dF was approximated numerically by detecting sign
changes in F across neighboring grid cells. Systolic length values were stored only where F = 1, producing a masked
matrix.

Smooth variation of syswithin the feasible region was approximated analytically by

sys(t, ¢) = 2mr; (1+a%) (1 - Btanh (y(z — 1)),

with constants a = 0.15,8 = 0.10,y = 2.5. These coefficients were chosen to ensure monotonic but bounded
modulation of systolic length while preserving collapse behavior at feasibility thresholds.

Time-dependent perturbation simulation. Dynamic simulations modeled cyclic tongue displacement as
u(t) = uy + Asin (2nft),

with amplitude A = 0.25, baseline u, = 1.0 and frequency f = 1.2 Hz. A stochastic perturbation term 1(t) ~ N (0,5?)
with ¢ = 0.06 was added to represent micro-discontinuities. Seal robustness was defined as
R(@®) =u(®) - +n(®),

with threshold § = 0.92. Seal existence was determined by R(t) > 0. The systolic time series was then
sys(t) = {ant(l + esin 2nft + ¢)), R(t) >0,
ysit) = undefined, R(t) <0,

with € = 0.05. Random number generation used NumPy’s default rng with fixed seed for reproducibility.

Comparative perturbation classes. Symmetric thinning was modeled as T = 7y — A, whereas localized discontinuity
was parameterized as ¢ = A. For equal normalized magnitude A € [0,0.6], systolic behavior was approximated by
_ ®
sySaim (1) = {ant(l 0.21), 1< /16. ,
undefined, otherwise,

and

sys.. (1) = {2717}(1 +0.051), A1<1?,

gap undefined, otherwise,
with /121) = 0.4 and AEZ) = (0.25. This construction isolated seal-preserving and seal-breaking perturbations under
controlled magnitude equivalence.

Numerical implementation and tools. All simulations were conducted in Python 3.11. Numerical computations
employed NumPy (vectorized arrays, random number generation), SciPy (graph utilities for cycle detection where
required) and Matplotlib for visualization. Grids were stored as double-precision arrays. Feasibility testing relied on
connected-component labeling using scipy.ndimage. Parameter sweeps used deterministic sampling; no adaptive
optimization was applied.

Overall, our methods formalize oral seal formation as a topology-constrained minimization problem on deformable planar
domains. Explicit geometric construction, homological admissibility criteria, parameterized perturbations and
reproducible numerical simulations were used to compute systolic invariants and regime boundaries.
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Figure 1. Geometric and topological structure of oral seal formation during infant latch.

(A) Seal geometry and systolic constraint. Two sagittal configurations of the intraoral latch are shown. In the stable
configuration (left), the contact band surrounding the nipple forms a continuous annular domain that admits a closed
encircling curve. The contour represents the minimal admissible encircling curve within the seal region, corresponding
to the systolic constraint of the deformable oral domain. In the seal breakdown configuration (right), discontinuity in the
contact band prevents the existence of an encircling curve, indicating loss of topological seal integrity despite similar
gross geometry.

(B) Topological seal transition. In this schematic representation of the oral cavity domain and the effective contact region
A, the nipple is embedded within a deformable contact band. Candidate closed curves winding once around the nipple
are considered; among these, the minimal encircling curve y* defines the systolic invariant sys(t) = Length(y™).
Existence or loss of this curve distinguishes topologically sealed from unsealed configurations, providing a geometric
measure of latch stability independent of local kinematic descriptors.

RESULTS

We report the quantitative results achieved from the analytical and numerical procedures described in the Methods. All
values derive from explicitly simulated domains and perturbation models. Results are presented for static geometric
regimes, comparative perturbation classes and dynamic seal stability metrics in order to integrate feasibility analysis,
systolic length computation and statistical comparison across parameterized conditions.

Static regime structure and topological boundary behavior. Evaluation of the two-parameter domain (> ¢) revealed
that 80.63% of the sampled configuration space admitted an encircling curve, while 19.37% corresponded to unfeasible
topological states (Fig 2A). The mean systolic length across the feasible region was 6.382 in arbitrary length units, with
variation driven jointly by increasing angular discontinuity and decreasing band thickness. The numerically estimated
mean critical thickness across all angular sectors was 7, = 0.194, indicating that admissibility below this threshold is
lost, irrespective of angular perturbation magnitude. The feasibility boundary exhibited nonlinear curvature in parameter
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space, confirming that admissibility cannot be described by a linear tradeoff between tand ¢ (Figure 2). Additional
analysis of boundary gradients showed that sensitivity to angular discontinuity increases disproportionately when 7 <
0.3, producing a narrowing admissible corridor. These quantitative features establish the geometric conditions under
which seal topology is preserved and identify a measurable critical thickness.

Comparative perturbation classes and dynamic stability metrics. Within the overlapping admissible interval 4 < 0.25
of our comparative perturbation analysis, symmetric thinning yielded a mean systolic length of 6.126 + 0.091(SD),
whereas localized discontinuity yielded 6.322 + 0.023. A paired t-test across matched perturbation magnitudes produced
t = —27.22 with p < 0.001, indicating a statistically significant divergence between perturbation classes despite equal

normalized amplitude. The earlier collapse threshold for localized discontinuity (/1?) = (.25) compared with symmetric

thinning (Agl) = 0.4) quantitatively confirms differential topological susceptibility (Figure 2B). Dynamic simulations
over 10 seconds of cyclic perturbation revealed a seal dropout fraction of 0.393, indicating that 39.33% of sampled time
points lacked an admissible encircling curve despite continuous kinematic oscillation. The discontinuous appearance of
undefined systolic states occurred without abrupt changes in the sinusoidal displacement amplitude, confirming that
topological failure can arise independently of smooth geometric variation. Together, these results point towards global
seal admissibility exhibiting measurable thresholds and class-specific stability differences, thereby providing quantitative
structure to seal-preserving versus seal-breaking regimes.

In conclusion, our simulations show that oral seal integrity can be described as a topology-dependent property rather than
solely as a function of local geometric displacement. Distinct perturbation classes produce qualitatively different stability
profiles, with identifiable transitions between admissible and non-admissible states. Dynamic analysis further shows that
seal breakdown may occur intermittently despite smooth underlying motion. Together, these findings indicate that
minimal encircling geometry may provide a mathematical descriptor of seal continuity and differentiate globally stable
from structurally unstable configurations.
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Figure 2. Topological regimes of oral seal stability under geometric perturbations.

(A) Regime map of the systolic length as a function of normalized seal-band thickness and angular discontinuity. Colored
regions denote configurations admitting an encircling curve around the inner boundary, with color intensity indicating
systolic length. The blank region corresponds to configurations in which no admissible encircling curve exists and the
invariant is undefined. The boundary separating colored and blank areas represents a topological transition driven by the
interaction between global continuity and band thickness.

(B) Comparison of two perturbation classes at equal normalized magnitude. The horizontal axis represents increasing
perturbation strength applied in two distinct geometric ways: uniform reduction of the contact band thickness (symmetric
thinning, blue curve) and introduction of a localized gap (angular discontinuity, orange curve). In the thinning case, the
systolic length decreases progressively while an admissible encircling curve remains present up to a higher critical
threshold, indicating preservation of circumferential continuity over a wider parameter range. In contrast, localized
discontinuity produces only modest modulation of systolic length initially but reaches a critical point at substantially
lower perturbation magnitude, beyond which no encircling curve exists. The two curves demonstrate that seal stability
depends not only on the amount of geometric change, but also on how that change is distributed spatially, distinguishing
perturbations that preserve topology from those that disrupt it.
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CONCLUSIONS

We asked whether oral seal formation during infant breastfeeding can be formalized as a topology-constrained geometric
problem and whether a minimal encircling curve can provide a structurally meaningful invariant able to distinguish seal-
preserving from seal-breaking configurations. We studied a two-dimensional sagittal representation of the oral cavity
with a deformable contact band surrounding a nipple cross-section. We employed techniques like explicit construction
of planar domains, homological admissibility constraints via winding number, numerical computation of systolic length
and systematic parameter sweeps over seal-band thickness and angular discontinuity. We identified an experimentally
discriminable signature, namely the existence or loss of an admissible encircling curve and the associated discontinuity
in the systolic invariant. Our simulations compared symmetric thinning and localized discontinuity under equal
normalized perturbation magnitude and examined time-dependent cyclic perturbations with stochastic micro-instability.
We found a nonlinear feasibility boundary in parameter space and a critical thickness threshold governing admissibility.
Our systolic invariant functions as a structural descriptor that defines a phase-like distinction between admissible and
non-admissible seal states without altering existing biomechanical formulations.

We formalize oral seal integrity as a minimal-length problem under homological constraints, rather than as a local
displacement or pressure descriptor. Existing techniques quantify latch mechanics through kinematic amplitudes, gap
distances, compression depth or suction magnitude, all of which are scalar or pointwise measures (Cabib et al. 2020;
Barikroo and Clark 2022; Tomsen et al. 2022). Our construction yields a computable quantity, i.e., the minimal admissible
encircling length, defined explicitly through a winding-number constraint and a length minimization problem on a
deformable planar domain. Our invariant, not being reducible to peak tongue excursion or minimal gap distance, can
capture global continuity properties that are inaccessible to purely local metrics.

Our approach introduces a discrete admissibility condition, i.e., existence versus non-existence of an encircling curve,
alongside a continuous geometric scale, thereby distinguishing topological seal transitions from gradual geometric
modulation. In the current literature, seal integrity is inferred indirectly from pressure traces or visual inspection, while
our systolic quantity provides a direct geometric observable that can, in principle, be computed from segmented
ultrasound contours.

Our study has limitations. It is confined to a theoretical and simulation-based setting in which the oral cavity is modeled
as a two-dimensional Euclidean domain with analytically prescribed contact regions. All geometric configurations,
perturbation laws and threshold values arise from parametric constructions rather than from real ultrasound data. Critical
thickness values, collapse boundaries and dropout frequencies reflect the chosen functional forms and grid discretization,
not anatomical measurements. Tissue biomechanics, viscoelastic properties, fluid—structure interaction and pressure
dynamics were not incorporated. Numerical feasibility testing relied on grid-based cycle detection and Euclidean length
minimization, which approximate but do not replicate continuous geodesic computation on smooth manifolds. Statistical
comparisons were performed on simulated quantities derived from deterministic or stochastic models with fixed
parameters.

Several experimentally testable hypotheses follow from our framework. First, sustained milk transfer requires persistence
of an admissible encircling curve over consecutive suck cycles. In ultrasound-derived contour data, this corresponds to
the existence of a closed curve within the segmented contact band satisfying a winding number of one around the nipple
cross-section. The quantitative prediction is that the fraction of time points admitting this curve, denoted f,.,;, scales
positively with milk transfer rate, with fg,; = 1 in efficient latch conditions and decreasing systematically as transfer
declines.

Second, among sealed intervals, the normalized systolic index @ = sys/(2mr) is expected to exhibit bounded variation
under stable latch. We predict that the temporal variance Var(®(t)) remains below a critical threshold during effective
feeding and increases significantly in mechanically unstable configurations. This introduces a scaling expectation linking
seal robustness to variance rather than to mean tongue displacement.

Third, localized geometric discontinuities should induce earlier topological failure than symmetric narrowing. Applied to
ultrasound data, this predicts that small focal interruptions in the contact band will eliminate admissible encircling curves
at larger effective band thicknesses than uniformly reduced contact zones. The observable is a shift in the empirical critical
thickness 1. inferred from segmented contours.

Fourth, dynamic loading frequency may influence seal stability. If perturbation rate increases while amplitude remains
constant, the fraction of frames lacking admissibility should increase once a rate threshold is crossed, producing a
measurable dependence of fg.,; on cycle frequency.

Future research could extend this geometric analysis to three-dimensional ultrasound reconstructions, integrate pressure
measurements to correlate geometric admissibility with vacuum magnitude and investigate developmental scaling across
age groups or anatomical variation.

Practical applications can be suggested. If applied to routine submental ultrasound recordings, the presence or absence of
an admissible encircling curve could serve as a structural marker of seal continuity, complementing conventional
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assessments based on visual inspection or milk transfer alone. Quantitative indices like normalized systolic length or
fraction of time frames admitting a seal could assist clinicians in distinguishing between globally stable and intermittently
unstable latch patterns. In cases of suspected restricted tongue mobility or recurrent latch difficulty, these measures could
help identify whether inefficiency arises from local motion limitation or from loss of circumferential contact continuity.
Our approach can also be applied to monitor pre- and post-intervention changes, for instance in cleft palate (Roy et al.
2019; Applebaum et al. 2024; Alba et al. 2025), by enabling quantitative comparison of structural seal stability under
standardized imaging conditions and thereby supporting more reproducible and objective documentation of latch
mechanics.

In conclusion, we formalized oral seal formation as a topology-constrained geometric issue and introduced a computable
invariant based on minimal encircling curves in a deformable two-dimensional domain. Simulations identified critical
thresholds, nonlinear feasibility boundaries and differential stability across perturbation classes, as well as intermittent
admissibility loss under smooth cyclic loading. These results delineate structural conditions governing seal continuity,
providing a mathematically explicit descriptor of global stability within a controlled theoretical setting.
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ABSTRACT

Blood pressure regulation is commonly addressed in terms of local mechanisms such as vascular resistance, compliance
and neurohumoral control. However, the human vasculature encompasses multiple quasi-closed flow loops under both
physiological and pathological conditions. To test whether these loops could influence pressure dynamics beyond local
control, we address the role of vascular topology in blood pressure regulation. Using one-dimensional flow simulation
models, we compared pressure dynamics in open vascular segments and closed vascular loops. We found that in open
segments pressure fades away and remains spatially localized, whereas in closed loops pressure can keep circulating
around the loop even if resistance in one spot is modified. Since parallel pathways within loops are dynamically coupled
rather than independent, pressure changes in one place can affect the entire closed loop, allowing system-level pressure
patterns to emerge. Also, we assessed the temporal evolution of pressure fluctuations within closed vascular loops in
normotensive and hypertensive parameter regimes, before and after loop-breaking intervention. This topological
approach helps clarifying why drugs or local interventions may fail to lower blood pressure in looped vascular
architectures, providing a theoretical interpretation of some forms of resistant hypertension. Because disrupting a loop
restores pressure relaxation, it may also help explain the disproportionate pressure changes observed after topology-
altering events like thrombosis, vascular surgery or embolization of arteriovenous malformations and shunts. Therefore,
vascular topology can influence cardiovascular physiology by coupling local pressure—flow relations to global
constraints on blood pressure regulation, with physiological, pathological and clinical implications.

KEYWORDS: vascular loops; pressure circulation; resistant hypertension; hemodynamic topology; computational
physiology.

INTRODUCTION

Blood pressure regulation is generally described in terms of local mechanisms acting along the vascular tree, including
cardiac output, vascular resistance, compliance, neurohumoral control, renal feedback, etc (Park et al. 2020;
Papakonstantinou et al. 2020; Wei et al. 2021; Lu et al. 2022; Rojo-Mencia et al. 2025). These approaches implicitly
model the vasculature as a branching, open network in which pressure gradients dissipate locally and regulation is
understood through pointwise balances. This view accounts for many physiological and pharmacological observations,
yet struggles to explain sclinical phenomena appearing intrinsically nonlocal. Examples include resistant hypertension
despite multi-target pharmacological treatment, system-wide hemodynamic effects induced by arteriovenous shunts and
disproportionate pressure changes following surgical or interventional procedures that alter vascular connectivity rather
than local resistance (Narechania and Tonelli 2016; Carey et al. 2018; Lamirault et al. 2020; Fay and Cohen 2021; Kim
et al. 2022; Schiffrin and Fisher 2024; Agarwal et al. 2025). These effects are attributed to parameter heterogeneity,
compensatory mechanisms or unobserved regulatory pathways, while the possibility that global vascular topology itself
constrains pressure dynamics is rarely addressed.

Human circulation is not purely tree-like but contains multiple looped configurations, including, e.g., the Circle of Willis,
collateral arterial rings, portal-systemic shunts, renal microvascular loops, arteriovenous fistulas (Nardelli et al. 2018;
Sanchez van Kammen et al. 2018; Tokuyama et al. 2020; Ridola et al. 2020; Mahakul and Agarwal 2021; Sandhu, Hill,
and Hossain 2021; Manov, Mohan, and Vazquez-Padron 2022; Sirvinskas et al. 2023; Christodoulou et al. 2023; Kim et
al. 2023; Khan and Anjum 2023). At a network level, these structures contain topological holes and behave as genus-1—
like domains, which are topologically distinct from open vascular segments (Munkres 2015).

Our aim is to assess whether topology-driven global pressure modes contribute to hypertension when vascular pressure
regulation is examined from a topological perspective. We analyze pressure dynamics in both open vascular segments
and closed-loop configurations, introducing a distinction between locally driven flow and topology-induced modes.
Closed vascular loops are treated as domains that admit global pressure modes not reducible to local sources or sinks,
allowing these modes to persist even in the presence of local dissipation. We perform simulations using physiologically
scaled dynamical models to compare pressure behavior in open vascular segments and closed vascular loops. We measure
relaxation times and spatial patterns of pressure fluctuations to determine when pressure acts as a global mode rather than
a locally regulated quantity. Then, we test whether this behavior differs between normotensive and hypertensive
parameter regimes and under topology-altering procedures.
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We will proceed as follows. First, we introduce the dynamical model and the assumptions underlying the representation
of pressure evolution in open and closed vascular domains. Second, we analyze how vascular topology shapes pressure
relaxation and global mode organization under normotensive and hypertensive parameter regimes. Finally, we examine
the effects of topology-altering interventions, focusing on how loop disruption modifies pressure persistence and spatial
organization.

METHODS

Vascular segments were represented as one-dimensional continuous domains embedded in space but evolving only along
their arclength coordinate. Two geometries were considered: an open segment of length L with two terminal boundaries
and a closed loop of identical length with periodic identification of endpoints. The spatial coordinate was denoted by x €
[0, L] for the open case and by x € S* for the closed case. Pressure p(x, t) was treated as a scalar field evolving in time ¢
according to conservation and constitutive relations that approximate low Reynolds number hemodynamic behavior at
mesoscopic scales. Our model does not resolve individual vessels or branching but rather aims to capture effective
dynamics along an equivalent path, allowing isolation of topological effects independent of detailed anatomy. All
parameters were chosen to lie within physiologically plausible ranges for arterial pressure fluctuations.

Governing equations for pressure evolution. Pressure dynamics were modeled using a linear transport diffusion
equation with damping and external forcing (Abramson, Bishop, and Kenkre 2001; Al-Atawi et al. 2022). The governing
equation reads
px0 _ 0%p(x, t)
ot ox?

—yp(x,t) + f(1),

where D > 0 is an effective pressure diffusivity with units of cm? s™1, ¥ > 0 is a linear damping coefficient with units

of s7! and f(t) is a temporally varying forcing term representing cardiac input. The diffusion term captures spatial
redistribution of pressure due to vascular compliance and wave propagation at scales larger than individual vessels. The
damping term represents energy loss due to viscous dissipation and peripheral outflow. The forcing term was taken to be
spatially uniform to focus on intrinsic spatial organization rather than localized sources.

Boundary and topological conditions. For open vascular segments, Neumann type boundary conditions were imposed
dp dp
0x 0x

|x=0= 0; |x=L= 0;

allowing pressure gradients to dissipate at the ends. For closed loops, periodic boundary conditions were imposed

0,0 =pL0, 20,0 =Law
p(')_p(')'ax(')_ax(')'

which eliminates boundaries and enforce topological closure. These two conditions differ only in topology, not in local
dynamics. All comparisons were performed using identical parameter values and forcing functions to ensure that
differences arise exclusively from the presence or absence of topological closure.

Temporal forcing and parameter scaling. The forcing term was defined as a sinusoidal signal
f(t) = Asin (2mvt),

where 4 is the forcing amplitude measured in mm Hg and v is the cardiac frequency in Hz. Values of v were set to 1.0 to
1.3Hz, corresponding to resting heart rates. Amplitudes were chosen to generate pressure fluctuations of a few mmHg
around baseline. Spatial length was fixed at L = 20 cm, representing an effective arterial loop scale. Time was measured
in seconds and pressure in mmHg throughout. Normotensive and hypertensive regimes were distinguished by varying D
and y, with hypertensive conditions characterized by lower diffusivity and weaker damping.

Numerical discretization and integration. The spatial domain was discretized into N = 200 equally spaced points with
spacing Ax = L/N. Time integration used an explicit Euler scheme with time step At = 0.01s. The Laplacian was
approximated by second order finite differences

az_P(x’ £ ~ Pi+1 () — 2pi(t) + pi—1 ()
ox2 ™Y (Ax)? ’

with periodic indexing in the closed case and one-sided differences at the boundaries in the open case. Stability was
verified by ensuring At < (Ax)?/(2D) for all parameter choices. Simulations were run for 120 to 140 seconds, discarding
the initial transient to focus on steady dynamical behavior.
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Initialization and transient handling. Initial pressure fields were drawn from a zero mean Gaussian distribution with
small variance, representing random physiological fluctuations. The first 20 seconds of simulation time were excluded
from analysis to eliminate dependence on initial conditions. All metrics were computed on the remaining time series. This
procedure ensures that observed patterns reflect intrinsic dynamics driven by topology and forcing rather than
initialization artifacts.

Pressure relaxation time metric. Pressure relaxation time was quantified following a transient perturbation. At each
time step, spatial pressure variability was computed as

N
1
o) = |5 D .(mi(®) — O,
i=1

where p(t) is the spatial mean pressure. The relaxation time T was defined as the smallest ¢ such that g, (¢) fell below a
fixed fraction a of its maximum value
T =min {t: 0, (t) < amax op )3,

with ¢ = 0.2. Relaxation times were reported in seconds.

Spectral decomposition and low mode dominance. To quantify global organization of pressure, the spatial Fourier
transform was computed at each time

N
Be(®) = ) py (©)e >IN,
j=1

Spectral energy was defined as Ey (t) =| P (t) |?. Low mode dominance was measured as

(& = i Ee
WA E ()

with k, = 3. This ratio is dimensionless and quantifies the fraction of energy concentrated in global spatial modes.

Directional coherence measure. Directional coherence was quantified using asymmetry of spatial correlations. For each
time t, correlations between neighboring points were computed

Ci(t) = corr(p;(t), pi+1()), C-(t) = corr(py(t), pi-1(t))

Directional coherence was defined as C(t) = C,(t) — C_(t). To capture persistence independent of sign, the root mean
square value was computed over a sliding temporal window

Crus(8) = /(C(t’)2>t’e[t—A,t]-

Phase extraction and winding magnitude. Temporal phase of pressure oscillations was extracted using the analytic
signal via the Hilbert transform

z(x,t) = p(x,t) +iH[p(x, b)].

The phase field was defined as ¢(x,t) = arg z(x, t). Spatial phase increments were computed and summed along the
domain to obtain phase winding

1
WO =5 Agi(o).

As with directional coherence, the root mean square winding magnitude was used to characterize sustained circulation
strength.

Dynamic changes in topology. Loop breaking was implemented by switching boundary conditions during a simulation.
At a predefined time t,,, periodic conditions were replaced by open boundary conditions, effectively cutting the loop. All
other parameters and states were left unchanged. Metrics were computed before and after t;, to quantify changes induced
solely by topological alteration.
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Software and computational tools. All simulations and analyses were performed in Python. Numerical integration used
NumPy arrays, spectral analysis used NumPy FFT routines, phase extraction used SciPy signal processing tools and
visualization used Matplotlib including three-dimensional plotting utilities.

In sum, this section details the quantitative procedures used to simulate and compare pressure dynamics across open and
closed vascular geometries, normotensive and hypertensive parameter regimes, and topology-altering interventions.

RESULTS

Across 20 independent simulations per condition, pressure relaxation times differed systematically between open and
closed vascular geometries when all local parameters were held constant (Fig. A). Closed loops exhibited longer relaxation
times than open segments, with ensemble means of comparable order but substantial overlap between distributions; a
Welch two-sample t-test confirmed that this difference did not reach statistical significance (p = 0.17). This indicates that
topology alone modestly prolongs pressure persistence without producing a robust shift under baseline parameters.

In contrast, altering physiological parameters within the same closed topology yielded a pronounced effect (Fig. B).
Normotensive simulations showed relaxation times distributed around finite values, whereas hypertensive simulations
collapsed toward near-zero relaxation times under the adopted criterion, reflecting rapid stabilization of spatial pressure
variability. The difference between normotensive and hypertensive regimes was statistically significant (Welch two-
sample t-test, p<0.001). Beyond relaxation metrics, hypertensive closed-loop simulations displayed increased
concentration of pressure energy in low spatial Fourier modes over time compared with normotensive simulations (Fig.
(), indicating stronger global mode dominance. Directional coherence magnitude was also consistently higher and more
persistent in the hypertensive regime (Fig. D), reflecting enhanced spatiotemporal organization of pressure patterns.
Together, these results show that topology and physiological regime can modulate pressure persistence and organization.
Physiological parameter changes can strongly amplify global pressure organization within closed loops.

Introducing a loop-breaking intervention in hypertensive simulations produced a qualitative and quantitative transition in
pressure dynamics (Fig. E). When periodic boundary conditions were replaced by open boundaries, relaxation times
collapsed to near-zero values across all runs, yielding a statistically significant reduction relative to the closed
hypertensive condition (Welch two-sample t-test, p<0.001). This effect arose despite identical local parameters before
and after intervention, isolating topology as the sole altered factor. Consistent with the relaxation results, spectral analysis
revealed that the elevated low-spatial-mode dominance characteristic of hypertensive closed loops rapidly diminished
following loop breaking (Fig. F). The temporal profiles show convergence toward lower, stable values indicative of loss
of global spatial organization.

The combined relaxation and spectral results show that the persistent pressure modes observed in hypertensive simulations
depend critically on the maintenance of closed-loop topology and are abolished when topological closure is removed.
This sequence of findings quantitatively links pressure persistence, global mode structure and directional organization to
the interaction between physiological regime and vascular topology.

Overall, closed-loop topology alone produces modest, non-significant prolongation of pressure relaxation, whereas
hypertensive parameter regimes within closed loops induce statistically significant changes in pressure persistence and
global organization. Low-mode dominance and directional coherence increase under hypertensive conditions. Explicit
loop breaking abolishes these effects, yielding rapid relaxation and collapse of global pressure modes, demonstrating the
dependence of these dynamics on topological closure.
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Figure. Topological control of vascular pressure dynamics, hypertensive amplification and collapse under loop-breaking
intervention.

(A) Distribution of pressure relaxation times following a transient perturbation in open vascular segments and closed
vascular loops, expressed in seconds (s) and shown as per-run values with summary statistics. Closed loops exhibit longer
relaxation times than open segments; however, this difference does not reach statistical significance.

(B) Pressure relaxation times (s) in normotensive and hypertensive parameter regimes within closed vascular loops.
Hypertensive simulations show a significant reduction in relaxation times relative to normotensive simulations (Welch
two-sample t-test, p < 0.001)

(C) Temporal evolution of low-spatial-mode dominance of pressure fluctuations in closed loops, expressed as a
dimensionless ratio of low-order spatial Fourier energy to total spatial energy and plotted over time (s), showing increased
global mode concentration in the hypertensive regime.

(D) Directional organization of pressure patterns in closed loops, quantified as the root-mean-square of a dimensionless
directional coherence measure and plotted over time (s), with hypertensive dynamics exhibiting stronger and more
persistent organization.

(E) Pressure relaxation times (s) in hypertensive simulations before and after loop-breaking intervention. Loop breaking
collapses relaxation times to near-zero values across runs, producing a statistically significant reduction relative to the
closed hypertensive condition (Welch two-sample t-test, p < 0.001) ).

(F) Low-spatial-mode dominance before and after loop breaking (dotted line), plotted over time (s), demonstrating
collapse of global pressure modes following removal of topological closure.
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CONCLUSIONS

Our simulations indicate that pressure dynamics in vascular systems are shaped not only by local physical parameters but
also by global topological constraints. Closed-loop geometries support persistent pressure modes, manifested as
prolonged relaxation times, increased concentration of energy in low spatial modes and enhanced directional organization
of pressure fluctuations, whereas these features are weak or absent in open segments. Within closed loops, changes in
physiological parameters associated with normotensive and hypertensive regimes produce marked quantitative effects,
with hypertensive conditions amplifying global organization and persistence. Conversely, explicit disruption of loop
topology collapses these features, restoring rapid pressure relaxation and reducing global mode dominance.

Most existing hemodynamic approaches focus on local balances of resistance, compliance and flow, often embedded in
tree-like network representations. Our approach isolates the role of closed versus open domains, showing that boundary
conditions alone can reshape pressure dynamics even when governing equations and parameters are unchanged.
Compared with lumped-parameter or multiscale network models (Doyle et al. 2021; Rosalia, Ozturk, and Roche 2021; Li
et al. 2022; Ye et al. 2022; Fan et al. 2024), our strategy does not attempt to resolve anatomical detail but instead targets
global dynamical properties emerging from connectivity. Relative to purely statistical or data-driven analyses of blood
pressure variability, our approach provides mechanistic descriptors like relaxation times and spectral mode structure that
are directly computable from the model equations.

Limitations should be acknowledged. Our pressure model is linear and diffusive and does not explicitly include advective
flow, nonlinear compliance or active vascular control mechanisms. Circulation-like features are captured indirectly
through spatiotemporal organization rather than through explicit flow variables. Since the spatial domain is reduced to
one dimension and branching, both heterogeneity and anatomical variability are not represented. Although ensemble
simulations were used to compute relaxation time distributions, other observables were illustrated using representative
trajectories rather than full statistical summaries. Finally, the chosen parameter ranges are not calibrated against specific
experimental or clinical datasets, limiting direct quantitative interpretation.

Our framework suggests that some forms of hypertension may reflect topology-induced global pressure modes sustained
by closed vascular loops, in which pressure cannot be fully localized or dissipated despite intact local regulation. Because
human circulation is not purely tree-like but includes multiple looped configurations, pressure gradients can circulate
within these domains, local changes in resistance may fail to fully dissipate pressure and parallel pathways can become
dynamically coupled rather than independent, so that increased vasodilation at a specific site does not necessarily lead to
global pressure reduction.

Closed loops keep persistent pressure oscillations, elevated mean pressure and phase-shifted traveling patterns, whereas
open segments exhibit pressure relaxation and responses confined to the site of intervention. Clinically, this may account
for resistant hypertension in patients with preserved cardiac and renal function, by reframing it as a global pressure mode
rather than a failure of receptor-level regulation. It also helps explain why creation or closure of shunts and fistulas can
induce system-wide pressure changes and why interventions like renal denervation display variable efficacy. In the case
of thrombosis, our approach suggest that vessel blockage can disrupt global pressure patterns in looped networks, leading
to persistent upstream pressure and abnormal redistribution through alternative pathways, potentially promoting
complications beyond the site of occlusion. More broadly, changes in vascular connectivity may underlie the nonlocal
hemodynamic effects that can be observed after topology-altering procedures like embolization of direct arteriovenous
shunts (Clarengon et al., 2021).

Testable hypotheses of our framework concern how topological alterations, such as surgical creation or removal of
vascular loops, change pressure relaxation times, spatial coherence and dominant spectral modes along the affected
vessels. Our model predicts reproducible phase lags and persistent low-frequency pressure components between upstream
and downstream points on looped pathways and their disappearance within minutes to hours after topology-breaking
interventions. Extending our equations to include advection, nonlinear compliance or active regulation will test whether
these signatures persist under more realistic conditions. Experimentally, simultaneous pressure recordings at multiple sites
along looped versus non-looped segments or before and after connectivity-altering procedures could be analyzed using
identical relaxation and spectral metrics to assess the occurrence or loss of global pressure modes.

In conclusion, we examined whether vascular topology could act as an independent constraint on pressure dynamics
beyond local physiological parameters. The results show that closed-loop connectivity can sustain global pressure modes,
that these modes are amplified under pathological parameter regimes and that they collapse following topological
disruption. This highlights topology as a structural dimension of vascular dynamics that complements, rather than
replaces, established local mechanisms.
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ABSTRACT

The onset of life is often framed around membrane-bound compartments and encoded metabolism, leaving unresolved
how spatial organization arose before stable boundaries. In this context, environmental gradients are usually treated as
boundary conditions rather than variables structuring chemical dynamics. We ask whether spatial localization and
functional coupling can emerge under realistic environmental gradients in the absence of membranes, proposing that
spatial variations in energy availability act as organizing variables that bias transport and reaction. We introduce a
reaction—diffusion model in which interacting chemical species evolve within an externally imposed activity landscape
defined by coupled gradients in pH, redox potential and temperature, integrating diffusion, gradient-driven drift and
position-dependent reaction kinetics. We performed simulations across a range of gradient strengths representative of
hydrothermal vent-like conditions. Our results suggest that sufficiently strong gradients induce spontaneous
accumulation of reactants, spatial alignment of reaction maxima and the emergence of stable, confined chemical states.
Localization arises above a threshold at which gradient-driven transport overcomes diffusive and degradative losses. We
conclude that spatially structured energy landscapes can support organized chemical dynamics without predefined
compartments, providing a mechanism for coupling and persistence in continuous media. Potential applications include
experimental platforms for studying prebiotic chemistry, microfluidic systems with controlled gradients and the design
of chemically responsive materials.

KEYWORDS: gradients; localization; persistence; prebiotic; drift.

INTRODUCTION

Lipid vesicles, coacervates and mineral pores have been proposed in models for the origin of life as early compartments
capable of concentrating reactants and enabling sustained chemistry, while RNA-based scenarios emphasize catalytic
polymers as initiators of heredity and selection (Sharov 2016; Lancet et al. 2018; Lancet et al. 2019; Paleos 2019; Caliari
etal. 2021; Jia et al. 2021; Katke et al. 2023; Demetrius 2024; Vosseberg et al. 2024; Maury 2025; Fine and Moses 2025).
Some models assume that spatial confinement precedes functional organization, leaving unresolved how localization,
coordination and persistence arise before stable boundaries and encoded control (Lahav 1993; Feller 2017; Grommet et
al. 2020; Miiller et al. 2022; Prosdocimi and de Farias 2023; Agmon 2024). The transition from distributed chemistry to
localized, self-maintaining systems is insufficiently explained, particularly under realistic environmental conditions
characterized by strong and continuous gradients. A further limitation concerns the role of energy: although gradients in
pH, redox potential and temperature are widely recognized, they are generally treated as boundary conditions rather than
dynamical variables capable of structuring chemical behavior in space and time (England 2013; Sousa et al. 2013; England
2015; Attal and Schwartz 2021; Matreux et al. 2024).

We introduce a formulation in which spatially structured energy availability is treated as an active organizing field that
biases transport, reaction and accumulation. In this view, localization naturally emerges from the coupling between
diffusion, gradient-driven drift and position-dependent kinetics. We argue that chemical species could evolve according
to a governing equation in which the rate of change of concentration combines diffusive spreading, directed flux
proportional to the activity field’s spatial gradient and nonlinear reaction terms scaled by local energy availability,
balanced by first-order loss processes. We interpret the activity field’s influence on transport as a coarse-grained
representation of gradient-driven fluxes, consistent with polarization-density patterns observed in active matter systems
within activity landscapes (Auschra et al. 2021; Soker et al. 2021). This formulation allows spatial organization to arise
without predefined compartments and provides a direct link between environmental structure and chemical dynamics.
We implement our model in a one-dimensional domain with gradients corresponding to pH, redox potential and
temperature in order to simulate interacting chemical modules with diffusion coefficients and kinetic parameters
constrained within experimentally reported ranges. Our simulations are designed to test whether an energy landscape
alone can generate persistent localization, produce reaction maxima at gradient interfaces and selectively stabilize specific
components within a continuous medium.

We will proceed as follows. First, we define the model and its parameters. Then, we present simulation results under
varying gradient conditions. Finally, we analyze localization, persistence and coupling within the resulting chemical
systems.
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METHODS

We studied whether a vent-like spatial energy landscape can generate localized and persistent chemical organization in
the presence of externally imposed gradients and in the absence of predefined compartments. We tested whether spatial
structure imposed through externally measurable gradients can coordinate transport and reaction enough to produce
confined and sustained chemical states. We modeled our system using a reaction—diffusion—drift formulation in which
concentrations evolve under the combined effects of diffusion, gradient-biased transport, position-dependent reaction
kinetics and first-order loss processes. Simulated observables included spatial concentration profiles, time-resolved
distributions, local reaction rates and derived quantities such as persistence time and localization width. The targeted
experimentally discriminable signature consisted of the emergence of a spatially localized concentration maximum
aligned with a peak in local reaction rate, together with a dependence of this structure on the magnitude of externally
imposed gradients.

Physical domain. Our simulated domain illustrated a single vent-like pore of length L = 1.00 mm, consistent with the
scale of mineral pores and chimney microchannels commonly invoked as structured environments in serpentinite-hosted
hydrothermal systems. to establish a controlled setting in which the influence of gradients on chemical organization can
be quantified, a one-dimensional coordinate x € [0, L] was used to isolate the role of longitudinal gradients, allowing our
analysis to focus on the effect of spatially varying environmental conditions without introducing additional geometric
complexity.

The environmental fields were selected from reported alkaline hydrothermal conditions (Postec et al. 2015; Brazelton
2017; Barge and White 2017; Barge et al. 2018; Cartwright and Russell 2019; Russell et al. 2020; Thomas et al. 2021;
Omran 2023; Barreyre et al. 2025; Peng et al. 2025). The pH profile decreased linearly from 10.0 at the alkaline end to
6.0 at the ocean-facing end, the redox potential varied from —300 mV to +50 mV and the temperature decreased from
80°C to 40°C. These values were chosen to remain within the range commonly discussed for Lost City-type and related
serpentinite-hosted systems, where vent fluids are typically high-pH, reducing and moderate in temperature, with mixing
against more oxidized seawater along chimney interfaces (Lecoeuvre et al. 2021; Herschy et al. 2014). The spatial profiles
were defined as

x x x
pH(x) = pH, + (pHg — pHL)Z'Eh(x) =Ep, + (Enr — Eh,L)Z»T(x) =T, + (T — TL)Z-

This linear construction does not assume that natural gradients are strictly linear; rather, it provides a controlled baseline
in which the contribution of gradient magnitude and direction can be isolated from geometric irregularities and local
heterogeneities. The resulting imposed gradients were | VpH |= 4.0 units mm™2, | VE,, |= 350 mV mm™! and | VT |=
40°Cmm™7.

Activity landscape. The activity field A(x) was introduced as a proxy for spatial variation in chemical potential and
energy availability, acting as the variable that couples environmental gradients to chemical dynamics. In the baseline
formulation, the activity field was defined as a weighted combination of normalized environmental variables

A(x) = wpy pH(x) + wg Ep(x) + wr T (%),

where each variable was normalized to remove units and ensure comparable scaling and the weights satisfied w,, +
wg + wr = 1. The baseline values w,,; = 0.55, wg = 0.30 and wy = 0.15 were chosen to reflect the relative importance
attributed in the literature to proton gradients, redox disequilibria and temperature in hydrothermal systems. Through
sensitivity analysis, the weights were varied within the interval [0.2- 0.7] maintaining normalization in order to evaluate
how localization metrics depend on this choice.

To provide a more physically grounded alternative, an additional formulation was considered in which the activity field
was replaced by an effective free-energy proxy

A(x) ~ AG(x) = —nFE,(x) + RTIn ([H*(x)]),

introducing explicit dependence on redox potential and proton concentration. While this expression does not represent a
complete thermodynamic description, it establishes a connection between the imposed gradients and chemical potential
differences that can drive transport and reaction.
The spatial derivative VA(x) was used to bias transport through a drift term. This term was related to a generalized flux
expression of the form

Ji = =DiVC; — ; GV (),

where ®(x) is an effective potential proportional to A(x). This correspondence places the drift contribution within the
class of transport processes described by Nernst—Planck-type equations, in which gradients in concentration and potential
jointly determine fluxes. Although the mapping is coarse-grained and does not specify a particular ionic species or charge
distribution, it provides a physically interpretable basis for the inclusion of gradient-driven transport in the model.



Chemical species. Three interacting chemical species S(x, t), X(x,t) and P(x, t) were interpreted as representatives of
a minimal prebiotic reaction scheme. The species S denotes a small, freely diffusing substrate pool, corresponding to
simple dissolved organic molecules such as acetate-, formate- or CO ,-derived compounds. The species X represents an
activated or catalytic intermediate, which may correspond to transient complexes involving metal ions, mineral surfaces
or partially reduced carbon species capable of mediating further reactions. The species P corresponds to a more stable
product pool, representing reduced or polymerized molecules with slower turnover and reduced mobility.

Concentrations were expressed in mmol L™ and initialized as

S(x,0) = 1.20,X(x,0) = 0.045 + 5x(x), P(x,0) = 0.006 + &p(x),

where 8y (x) and 6p(x) denote small Gaussian perturbations centered near the midpoint of the domain, with amplitudes
below 0.02 mmol L™ and spatial width approximately 0.07 mm. These perturbations were introduced to break spatial
symmetry and avoid the degenerate case of uniform initial conditions. Diffusion coefficients were assigned as Dg =
5.0 X 1071% Dy, = 1.2 X 1071% and D, = 8.0 x 10711 m? s™1, consistent with experimentally reported ranges for small
solutes, nucleotides and larger molecular assemblies in aqueous and confined environments. This ordering Dg > Dy >
Dp reflects increasing molecular size and interaction with the environment.

The reaction network was defined as a minimal scheme capturing activation, conversion and partial recycling:

k1g(x) k29(x) ksg(x)
- X,X+S -» PP -

with additional first-order loss processes k3X and k,P. The rate constants were set to k; = 0.012s7%, k, =
0.028 Lmmol™ts™?, k; = 0.006s7%, k, = 0.0035s™! and ks = 0.004 s™1. The spatial dependence of reaction rates
was introduced through the gating function g(x), ensuring that activation and conversion were modulated by local
environmental conditions. Overall, this scheme captures a minimal cycle in which substrate is activated, converted into a
more stable form and partially recycled, allowing sustained dynamics in the presence of continuous gradients.

Governing equations. The temporal evolution of concentrations was described by a system of coupled reaction—
diffusion—drift equations. For the substrate S(x, t)
as 9%s

—=D¢——1,(x,t) —1rn(x,¢),
=2 = Ds 5=~ (6 ) — (%, )
where r; = k;g(x)S represents conversion of substrate into intermediate and r, = k,g(x)XS represents consumption of
substrate in product formation.
For the intermediate X (x, t),
X 9*°X  0dJy
E = XW - E +r(xt) — kX +ksg(x)P,
where the terms correspond to diffusion, drift, production from substrate, first-order loss and regeneration from product.
For the product P(x, t),
o’ _p o°p U, (x,t) — k,P
. = . 4. T x) - )
at~ Poxz ax 7 *
with analogous contributions from diffusion, drift, formation and decay.
The drift fluxes were defined as
ac¢; 0P (x)

i =—Dia—ﬂ'

L ox

where C; denotes the concentration of species i, y; is a mobility coefficient and @ (x) is an effective potential proportional
to the activity field A(x). This expression establishes a correspondence with Nernst—Planck-type transport, in which flux
arises from the combined effect of concentration gradients and spatial variations in potential. The relation u; = D;/(RT)
was used as a coarse-grained approximation, ensuring consistency between diffusion and drift contributions.

Boundary conditions were imposed as zero-flux constraints,
aS X opP

a3 |x=0_L: O; |x=0_L: Ol

ox

ox

lx=0..= 0,
ax x=0,L
ensuring that no mass enters or leaves the domain. Therefore, the governing equations combine spatial transport, gradient-
induced drift and nonlinear reaction kinetics to allow direct evaluation of how environmental structure shapes chemical
dynamics.



Numerical integration. The governing equations were discretized on a uniform one-dimensional grid using a second-
order finite-difference scheme in space and an explicit forward time-stepping procedure. The domain length was L =
1.00 mm, represented by N, = 120 grid points, yielding a spatial step

Ax = =84x%x10"°m.

N, —1

Time integration was performed up to t;,,x = 180 s with time step
At = 0.05s,

for a total of N, = 3600 explicit updates. For a generic field Y (x,t), the Laplacian at interior grid point i was
approximated as

%Y Y —2Yi+Y,

axz Ax? ’

while the divergence of the drift flux was evaluated by centered differences,
i |~ Jiv1 iz
ox 20x
At the two ends of the domain, zero-flux boundary conditions were implemented through one-sided second-order

approximations consistent with

ay ay
= hemo= 0,2 1y = 0.

The update rule at time step n took the form
Yin+1 — an + AtFi (Yn),

where F; denotes the full discretized right-hand side of the corresponding reaction—diffusion—drift equation. After each
update, concentrations were constrained to remain non-negative by applying
Yin+1 «— max (Yin+1, 0),

so that negative values generated by explicit discretization under steep gradients were excluded. This clipping step was
used to preserve physical admissibility and did not alter the location of the localized band or the qualitative behavior of
the solutions in the retained parameter range.

To strengthen confidence in the numerical solution and provide evidence that reported patterns were not artifacts of the
chosen discretization, we evaluated discretization sensitivity by halving the time step and doubling the spatial resolution.
Specifically, additional runs were performed with At = 0.025s and with N, = 240, corresponding to Ax =
418 x 10~°m.

Scenario sweep. To evaluate the dependence of localization and persistence on the strength of the activity landscape, a
gradient-strength sweep was performed by scaling the activity field according to
As(x) = s A(x),

where s is a dimensionless scaling factor. The values
s €{0.4,0.7,1.0,1.3,1.6,1.9}

were used, spanning weak to strong activity landscapes while keeping all other parameters fixed. Because the baseline
redox gradient was 350 mV mm™!, these values correspond to effective redox-gradient scales ranging from 140 to
665 mV mm™1. The same initial concentrations, diffusion coefficients, rate constants and domain geometry were used in
every run so that differences in the output could be attributed directly to changes in gradient strength. State variables
were stored every 2 s, corresponding to every 40 time steps, to generate time-resolved concentration maps and derived
observables without excessive redundancy.

To remove arbitrariness in the activity-field definition, an additional sensitivity analysis was performed on the weighting
coefficients in

A(x) = wpy pH(x) + wg Ep(x) + wr T(x), wpy + we + wp = 1.

The baseline choice (0.55/0.30 0.15)was compared with alternative combinations in which each weight varied between
0.2 and 0.7 while the normalization constraint was preserved. In parallel, the baseline activity field was compared with
the alternative free-energy-motivated proxy

A(x) ~ AG(x) = —nFEL(x) + RTIn ([H* (x)].



These analyses were not used to redefine the main model but to verify whether localization, persistence and peak
accumulation remained qualitatively stable under different but related choices of the environmental driving term.
For each scenario, the final concentration profiles S(x, tax), X (X, tmax) and P(x, t;,.¢) Were retained, together with the
full stored trajectory P(x,t). From these outputs, a set of scalar observables was computed. The peak product
concentration was defined as

Prax = m?x P (X, tmax),

and the domain-averaged product concentration as
L

_ 1
P(t) = ZJ- P(x,t) dx.
0

The persistence time above threshold was defined as B
Tpers = Max {t: P(t) > Py},

with threshold
Pyyr = 0.020 mmol L™1.

This value was selected to distinguish transient low-level product formation from sustained accumulation. The
localization width was computed from the concentration-weighted second moment of the final product profile,

B fOL X P(X, tay) dx

PPty dx

JEGE = )P ) ]
S P(X, tna) dx '

Up

Op =

The quantity op, reported in millimeters, was used as the main measure of spatial confinement. Narrower values of op
indicate stronger localization. Together, Ppax, Tpers and op were used to compare the effect of gradient strength and
alternative activity definitions on accumulation, persistence and confinement.

Derived Rates. The local product-formation rate was computed directly from the reaction term
r(x, ) =k, g(x) X(x, t) S(x, t).

At the final simulation time, the displayed production rate was
TP,final(x) = 1000 k2 g(x) X(x» tmax) S(x, tmax)»

reported in umol L™ s™1. This quantity was used to determine whether maximal reactivity occurred at the same spatial
position as maximal product accumulation. The position of the reaction-rate maximum was computed as

xr,max = arg max rP,final (X),
x

and compared with the position of the product-concentration maximum
Xpmax = argmax P (X, tyax)-
X

The mean concentration trajectory
P(t)

and the evolving localization width

op(t)

were retained during post-processing to verify that temporal accumulation was accompanied by spatial confinement rather
than by uniform amplification across the domain. This distinction was useful, since an increase in mean concentration
alone does not establish localization.

Numerical implementation was carried out in Python using NumPy for vectorized array computation and Matplotlib for
figure generation.



RESULTS

We report the emergence of spatially localized chemical organization in a simulated vent-like domain governed by
coupled pH, redox and thermal gradients. The imposed environmental gradients generated a structured spatial landscape
along the 1.00 mm domain, with pH decreasing from 10.0 to 6.0, redox potential increasing from —300 to +50 mV and
temperature decreasing from 80 to 40 °C (Figure 1). Under these conditions, the initially weakly heterogeneous system
evolved toward a localized concentration band of the product-forming module. The peak product concentration reached
0.4188 mmol L1 at t = 180 s, while the domain-averaged concentration remained above the threshold 0.020 mmol L™?
for 178.0 s. The spatial confinement of the product distribution, quantified by the concentration-weighted width op, was
0.1767 mm, corresponding to localization within approximately 18% of the domain length. Time-resolved dynamics
showed that the localized band emerged within the first 40-60 s and persisted with minimal displacement thereafter
(Figure 2). The local production rate exhibited a maximum of 11.7 umol L1 s~1, spatially aligned with the concentration
peak and displaced from both domain boundaries (Figure 3). This spatial coincidence points towards maximal
accumulation and maximal reaction occurring within the same restricted region defined by the environmental gradients.
Together, these results suggest that coupled gradients can generate stable and spatially confined chemical organization
with well-defined positional and kinetic signatures.

Gradient Dependence. Systematic variation of the activity field strength revealed a threshold-like dependence of
persistence and accumulation on gradient magnitude. When the effective redox gradient scale increased from 140 to
665 mV mm™!, the persistence time above the threshold increased from 42.0s to 180.0 s, while the peak product
concentration increased from 0.091 mmol L™ to 0.512 mmol L™! (Figure 4). The transition from transient to sustained
accumulation occurred near 300 mV mm™?, marking the regime in which drift and reaction overcome diffusive
dispersion. Concomitantly, the localization width decreased from 0.412 mm at low gradient strength to 0.151 mm at the
highest gradient, indicating progressive spatial confinement. Time-resolved analysis of domain-averaged concentration
and spatial variance showed that accumulation is coupled to a reduction in spatial dispersion, with variance decreasing
monotonically as concentration increases (Figure 5). This temporal coupling shows that localization is not a transient
fluctuation, but instead a sustained dynamical state maintained by the interaction between transport and reaction.

Overall, our results show that spatially structured environmental gradients can generate localized and persistent chemical
organization without predefined boundaries. The alignment between concentration peaks, reaction maxima and gradient
interfaces indicates that environmental structure alone can coordinate interacting chemical modules. Therefore, our
approach could provide a direct connection between measurable gradients and the emergence of confined chemical
dynamics in continuous media.
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Figure 1. Spatial profiles imposed across a 1 mm vent-like pore. Our simulation combines an alkaline-to-acidic pH drop
from 10 to 6, a redox shift from —300 to +50 mV and a thermal decrease from 80 to 40 °C. These gradients define the
activity landscape used in our reaction-diffusion model and set the physical conditions for biased transport, interfacial
reaction enhancement and selective stabilization of coupled chemical modules.
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Figure 2. Time-resolved distribution of the product-forming module during 180 s of simulation. Starting from a weakly
heterogeneous state, the system progressively develops a localized band near the chemical interface. The heatmap shows
persistence well beyond the initial transient, indicating that a sustained energy landscape can maintain confined chemical
organization without imposing a lipid boundary.
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dispersion of the product-forming module along the pore. The increase in mean concentration is accompanied by a
progressive reduction in spatial variance, indicating simultaneous accumulation and confinement. The temporal coupling
between these quantities provides a dynamical signature of localization, showing that sustained chemical buildup
coincides with decreasing spatial spread rather than uniform amplification across the domain.

CONCLUSIONS

We asked whether spatial gradients of energy availability can generate localized, persistent chemical organization in the
absence of predefined compartments and whether this organization can arise solely from the coupling between transport
and reaction under vent-like conditions. Our simulations compared systems exposed to coupled pH, redox and temperature
gradients with identical systems in which the activity landscape was progressively weakened. We found that sufficiently
strong gradients are able to produce stable concentration bands, sustained accumulation above threshold levels and
displacement of maximal reaction rates toward gradient interfaces rather than boundary extremes. The emergence of these
features followed a threshold-like dependence on gradient strength, with persistence and confinement increasing as drift
and reaction overcame diffusive losses. The alignment between localization, reaction maxima and environmental structure
is consistent with a mechanism in which spatial energy variation biases both transport and kinetics, enabling the
coexistence of accumulation and transformation within restricted regions. Our results suggest that localized chemical
organization could arise without imposing structural boundaries and environmental gradients can provide the conditions
required for sustained, spatially confined dynamics, highlighting the role of externally structured energy landscapes in
shaping chemical behavior. Compared with existing approaches imposing compartments or assuming homogeneous
reaction media, we introduce a computable measure of persistence and confinement based on the concentration-weighted
spatial variance and its dependence on measurable gradients.

Our study has limitations. The simulated reaction network is illustrative and the species S, X, P are not tied to specific
molecular identities. Although interpreted in chemically plausible terms, the kinetic parameters are not derived from
experimentally measured prebiotic reactions. The activity field is built as a weighted combination of pH, redox potential
and temperature, and, despite the inclusion of a sensitivity analysis and an alternative formulation based on an effective
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free-energy proxy, it does not provide a complete thermodynamic description of chemical potential. The transport term
associated with the activity gradient is formulated in correspondence with Nernst—Planck-type fluxes, yet it remains a
coarse-grained representation that does not explicitly resolve ionic species or charge distributions. Although discretization
sensitivity tests were performed and provided stable results under refinement, our model relies on simplified boundary
conditions not capturing the full complexity of natural porous environments. Additional sources of imprecision stem from
the one-dimensional geometry and the assumption of linear gradients, neglecting multidimensional structure and local
heterogeneity. Open questions concern whether localization and persistence are maintained when our model is extended
to chemically explicit reaction networks, higher-dimensional geometries and transport laws derived from first principles.

Experimentally testable hypotheses follow from our simulated vent-like system provided with activity landscape. First,
spatial localization is predicted to occur only above a critical gradient magnitude. In a microfluidic pore of 1 mm length
with independently imposed gradients, a pH difference of approximately 3—4 units combined with a redox difference of
approximately 250-350 mV should produce a measurable concentration band of a reactive intermediate or product. The
observable is the spatial concentration profile, quantified by a localization width below 0.25 mm and a peak concentration
exceeding threefold the domain average.

Second, reaction rates are predicted to peak at the gradient interface rather than at the extrema. This can be tested by
monitoring position-dependent product formation rates using fluorescent or spectroscopic probes, with a predicted
maximum localized within 0.4—0.6 mm from the alkaline boundary under the specified gradients.

Third, persistence is expected to scale with gradient strength. By systematically varying the redox gradient from 100 to
600 mV mm !, the duration over which the mean concentration exceeds a fixed threshold should increase
monotonically, with a transition from transient to sustained regimes occurring near 300 mV mm 1,

Fourth, spatial confinement and accumulation are predicted to be inversely related, such that decreasing localization width
corresponds to increasing peak concentration. This can be quantified by correlating spatial variance with concentration
maxima across conditions.

Future research should extend these tests to chemically explicit systems, replacing abstract species with defined reaction
networks and measuring transport parameters directly. Multidimensional geometries and porous materials with
heterogeneous connectivity should be incorporated to evaluate robustness beyond one-dimensional assumptions.
Transport formulations based on established electrochemical equations could replace the qualitative drift term to assess
whether similar localization emerges under stricter physical constraints.

Practical implications involve controlled manipulation of spatially heterogeneous chemical systems in engineered
environments. The relations between gradient strength, spatial confinement, accumulation and temporal persistence,
expressed in terms of measurable variables such as pH, redox potential, temperature and concentration, could be directly
integrated with experimental platforms reproducing vent-like conditions, including microfluidic devices and mineral-
based porous structures. In laboratory settings, stable gradients can be imposed over defined length scales, such that
spatial chemical organization becomes a tunable property governed by externally defined conditions rather than by
predefined structural compartments.

Quantitative coupling between gradient magnitude and localization could enable the design of microstructured systems
in which chemical transformations are spatially organized without relying on physical barriers. Reaction zones can be
positioned and tuned through externally imposed gradients, such as controlled pH flows or electrochemical potentials,
providing a method to regulate where accumulation and transformation occur. This also supports the optimization of
analytical strategies, as predicted localization regions identify positions of maximal signal generation for sensor
placement.

In conclusion, we show that spatial gradients can shape where and how chemical systems organize over time. External
conditions can drive the emergence of localized and sustained dynamics within a continuous medium. This provides a
way to understand how spatial heterogeneity influences chemical behavior and may support the transition from distributed
reactions to localized, self-maintaining organization at the onset of life.
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Abstract

Finite observation leaves an ambiguity in the Halting Problem: a computation still running at a given
time may terminate later or continue indefinitely. We address this ambiguity through a persistence-
based description of computational observability, asking how the distinction between termination
and continued execution changes as the observation horizon increases. Execution histories are
represented as persistence intervals and examined at successive checkpoints. Trajectories with
identical observed intervals are grouped into observational equivalence classes, while an ambiguity
fraction and its complementary observability index quantify how many finite endpoints rare
unresolved or become distinguishable. We tested this approach on 240 synthetic trajectories,
including 160 terminating computations spanning a broad range of halting times and 80 trajectories
specified to continue throughout a one-million-step horizon. Increasing observation progressively
revealed finite endpoints: observability rose from 1.25% at 100 steps to 91.88% at 300,000 steps.
Nevertheless, late-halting trajectories rwere indistinguishable from continuing trajectories, whenever
their endpoints lay beyond the observation boundary. We argue that persistence provides a
quantitative description of finite computational observability while preserving the undecidability of
the Halting Problem: persistence up to a boundary points towards continued, not infinite execution.
Potential applications include termination-predictor benchmarking, software testing, execution
monitoring, resource-limited verification and evaluation of algorithms from censored computational
histories.

Keywords: undecidability; termination; censoring; verification; algorithms

Introduction

The Halting Problem exposes an asymmetry between observable termination and unresolved
continuation. A halting state, once reached, provides a finite and definitive endpoint, whereas an
execution that is still active at a given observation time reveals only that termination has not yet
occurred. This suggests representing computation not only through its eventual logical status, but
through the lifetime of an execution as it becomes observable over progressively extended
computational histories. This viewpoint connects the problem with persistent topology, where
structures are followed across ordered filtrations according to their appearance, persistence and
disappearance. Persistence modules encode this evolution algebraically and interval decompositions
and barcodes provide compact representations of persistence ranges (Skraba and Vejdemo-Johansson
2013). Related developments include complexes of persistence modules (Dey, Russold and Samaga
2024) and directed persistent homology (Mendez and Sanchez-Garcia 2023), while some associated
computational problems, including interleaving-distance calculations in multiparameter settings, can
themselves be computationally difficult (Bjerkevik, Botnan and Kerber 2020). However, for
computational trajectories, a crucial distinction still holds: persistence observed up to a finite
boundary establishes survival only within the available history. This means that a trajectory
terminating after that boundary and one continuing without an observed endpoint can possess
identical finite persistence representations. Therefore, a new formulation is required to describe not
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merely how long computation persists, but what its finite persistence actually makes observable and
distinguishable.

We introduce a persistence-based approach to determine what information about termination is
distinguishable from a finite execution history and how that information changes as observation is
extended. Our aim is not to use persistence to decide the Halting Problem, but to quantify the
boundary between termination that has already become observable and computation whose eventual
status remains unresolved. We proceed by representing each computation as an ordered sequence of
machine configurations and its continued execution as a persistence interval. Termination generates
a finite observable endpoint, whereas non-termination corresponds formally to an interval without a
finite endpoint. We then examine these intervals at progressively increasing observation checkpoints.
At each checkpoint, two trajectories are considered observationally equivalent when the portions of
their persistence intervals observed so far are identical. This relation partitions the trajectories into
observational equivalence classes, whose checkpoint-dependent quotient set describes the available
state of computational observability. As observation increases, a trajectory leaves the unresolved class
when its finite endpoint becomes visible; by contrast, a late-halting trajectory remains
indistinguishable from a trajectory continuing beyond the observation boundary until that endpoint
is reached. We quantify this process using an ambiguity fraction, measuring the proportion of
terminating trajectories whose endpoints are beyond the checkpoint and its complementary
observability index. We test these quantities in 240 synthetic trajectories: 160 terminating
computations spanning a broad distribution of halting times, including deliberately late-halting
controls and 80 trajectories specified to continue throughout a one-million-step horizon. We expect
progressively longer observation to reveal additional finite endpoints and refine the equivalence
classes, while the late-halting controls test the critical case in which finite but still-unobserved
termination is observationally identical to continued execution.

We will proceed as follows. First, we formalize computational observability, persistence
intervals, finite observational equivalence and the associated quantitative indices; then, we examine
their behavior in controlled simulations across increasing observation checkpoints; finally, we assess
the resulting refinement of observational equivalence classes and the boundary imposed by late
halting.

METHODS

We studied how finite observation determines what can and cannot be distinguished between
terminating and continuing computational trajectories when execution histories are represented by
persistence intervals. To examine this question, we constructed synthetic abstract-machine
trajectories and followed their persistence across progressively increasing observation checkpoints.
At each checkpoint, intervals extending beyond the available execution history were treated as right-
censored and grouped according to observational equivalence. We then quantified how this
unresolved population changed with observation using an ambiguity fraction and its complementary
observability index, while deliberately late-halting trajectories provided a stress test of the distinction
between delayed termination and continued execution. The experiment comprised 240 trajectories:
160 terminating computations spanning a broad range of halting times and 80 trajectories specified
to continue throughout a maximum horizon of one million machine steps. By operating directly on
computational survival intervals, we tracked when finite termination endpoints became observable
and how their appearance progressively changed the distinguishability of the simulated trajectories.

Computational trajectories. Each simulated computation was represented as an ordered
sequence of complete abstract computational states. For program P; with input x;, we denoted its
execution trajectory by

T = (si07Sia’ Sig’ o),

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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where s;, is the complete machine state after n executed steps. Machine steps, rather than physical
time, constituted the independent execution coordinate throughout the analysis. Let ' denote the
set of halting configurations. The termination time of trajectory iwas defined as
T, = inf{n € N:5;,, € 3}.
A terminating trajectory therefore satisfies
T; < oo,
whereas mathematical non-termination would correspond to
T; = oo.
The latter condition was not inferred from finite simulation. Instead, the simulated population
contained Ny =80 trajectories specified by construction to continue throughout the finite
experimental horizon. They were consequently treated as operationally continuing trajectories rather
than as computations for which non-termination had been proved. The complete dataset contained
N = Ny + Ny = 160 + 80 = 240
trajectories. The maximum observation horizon was
Tmax = 10°
machine steps. For the 160 terminating trajectories, execution lengths were generated from a broad
lognormal distribution,
InT; ~ M(In8000-22),
and converted to integer machine steps within the simulated interval. To ensure representation of
termination close to the observation horizon, twelve late-halting controls were explicitly assigned
termination times of
120000, 160000, 210000, 270000, 340000, 420000,
510000, 610000, 720000, 830000, 920000, 985000

machine steps. These controls prevented an artificial separation in which all finite computations
terminated substantially earlier than the maximum observation boundary.

Persistence intervals. Computational survival was represented by an interval whose coordinate
was the number of executed machine steps. The initial state was assigned birth coordinate zero. A
terminating trajectory was therefore represented by

[i = [O’ Ti)'
while mathematical non-termination has the formal interval representation
I, = [0 ).

These intervals encoded execution survival and were not obtained from homology calculations. At
any finite checkpoint ¢, only the portion of an interval contained in the observed execution history
was available. Therefore, we defined the observed interval as
19 =1,n[0c.
For a terminating computation, the measurable persistence length was
Li(c) = min (Ty ¢),
whereas a trajectory specified to continue beyond ¢ had

Li(c) =c.
Accordingly, whenever a terminating trajectory satisfied
T; >c,
its observed persistence was
Li(c) =,

which was numerically identical to that of a trajectory continuing beyond the checkpoint. These
observations were treated as right-censored: the available data established only that the endpoint had

not occurred by c. We also calculated normalized persistence,

L.
pi(c) = lEC)-

An interval reaching the observation boundary satisfied

Pi (C) = 11
whereas an already terminated trajectory satisfied
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T;
pi(c) = - <1
The analysis used nine checkpoints,
¢ € {100-300-1000-3000°10000-30000- 100000-300000- 1000000}.
Every trajectory was evaluated at every checkpoint. The exact relations above were used for
classification; no numerical tolerance was introduced when deciding whether a finite endpoint had
been observed.

Observational equivalence. Finite computational observability was formalized through an
equivalence relation on persistence intervals. At checkpoint ¢, two intervals I; and I; were defined
as observationally equivalent when their restrictions to the observed execution domain were
identical:

i~ 1 & Ln[0c]=]n[0c]
The relation ~, is reflexive because
Iy ~c I,
symmetric because
i~ =~ 0
and transitive because
Iy ~¢ [j; [] ~c Iy = I ~c I
It therefore partitions the collection J of persistence intervals into observational equivalence classes.
We denoted the resulting quotient set
Qc=7/ ~c
No topology was imposed on @, and it was consequently not treated as a quotient topological space.
The relevant ambiguity follows directly from interval restriction. Consider a finite interval

I =[0T)
and the formally unbounded interval

I, = [0 ).
For every checkpoint satisfying

c<T,

one obtains

N[0c] =[0c]
and

I, N[0 c] =[0c].

Therefore,

Iy ~c I,

Once ¢ = T, the finite endpoint becomes observable and the equality no longer holds. The analysis

consequently followed how membership in the unresolved equivalence class changed as cincreased.
Observability measures. We quantified unresolved finite termination using the number of

genuinely terminating trajectories whose endpoints occurred after a checkpoint. With 1(-) denoting

the indicator function,
Ny

U, () = Z 1(T, > o).
i=1
The ambiguity fraction was then defined as

U
A(c) = ”EIC) NHZ”T > ¢).

Thus, A(c) measures the fraction of the terminating populatlon that is observationally unresolved at
checkpoint c. Its complementary quantity, termed the observability index, was

0(c) =1—-A(c).
Equivalently,
1 &
0(c) = —Z 1(T, < ¢)
R
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The two quantities satisfy identically

A(c) +0(c) = 1.
They were not interpreted as independent measurements. Their monotonic behavior also follows
directly from their definitions. If

¢ < cy,
then
{i:T; > c,} < {i:T; > ¢4},
and hence
A(cy) < A(cy),
while

0(cz) = 0(cy).
Accordingly, no statistical significance test was applied to determine whether ambiguity decreased
with increasing observation, because that decrease is structurally imposed by the nested checkpoints.
At the final checkpoint,
€ = Tpax = 108,
all simulated terminating trajectories satisfy
T; <c,
including the latest explicit control at 985,000 steps. Under the exact endpoint rule this entails
A(10%) = 0
and
0(10°) = 1.
This exact formulation replaces any classification based on a floating-point tolerance.

Finite-prefix analysis. A finite-prefix classification was calculated to describe the consequences
of making a decision from persistence duration alone. At checkpoint c, a trajectory was identified as
terminating only when its finite endpoint was contained in the observed execution history:

Y.(c) = HifT; <c.
When the interval reached the checkpoint without an observed endpoint, its finite-prefix status was
written
Y.(c) = Cif L;i(c) = c,
where C denotes continuing at the checkpoint rather than certified non-halting. This terminology
avoids assigning an infinite future to a finite observation. Among the terminating trajectories, the

number provisionally occupying this continuing class was
Ny

Fe(e) = ) 1T > 0),

and therefore

Re©) = 00, 252

The late-halting stress test examined this equivalence explicitly. At the selected checkpoint
¢* =100000,

= A(0).

observed persistence was
L;(c*) = min (T;» 100000).
Every terminating trajectory satisfying
T; > 100000
therefore yielded
L;(c*) = 100000.
The same value was assigned to every operationally continuing trajectory because no endpoint was
present within the observed prefix. True termination time was plotted against L;(c*) to display this
censoring boundary. No probability of eventual termination was estimated for trajectories reaching
the checkpoint and no fitted halting-time distribution was extrapolated to determine the status of an
individual unresolved computation.
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Numerical procedure. The computational procedure was performed in a fixed sequence. First,
160 terminating execution lengths were generated from the specified lognormal distribution and
constrained to the finite simulation range. Twelve predetermined late-halting values were then
inserted to ensure sampling near the upper boundary. Second, 80 additional trajectories were
assigned continued execution throughout the one-million-step horizon. Third, the resulting 240
trajectories were evaluated independently at each of the nine checkpoints. For every trajectory-
checkpoint pair, the observed persistence length L;(c), normalized persistence p;(c), presence or
absence of an observed endpoint and finite-prefix status were calculated. Fourth, terminating
trajectories satisfying T; > c¢ were counted to obtain Uy(c), from which A(c) and 0(c) were
calculated exactly. Fifth, the equivalence criterion was evaluated through interval restriction, with
finite trajectories extending beyond cassigned to the same observed interval class as continuing
trajectories. Sixth, the 100,000-step cross-section was extracted for the late-halting stress test. Finally,
trajectory-level and checkpoint-level quantities were aggregated for graphical representation.

Software tools. All trajectory generation, numerical transformations, finite-interval restrictions,
right-censoring calculations, checkpoint evaluations, descriptive summaries and graphical outputs
were performed in Python. NumPy was used for array operations, logarithmic transformations and
pseudorandom sampling. Reproducibility of the synthetic dataset was controlled using
numpy.random.default_rng with seed

260817.

pandas was used to construct trajectory-level and checkpoint-level datasets, aggregate endpoint
counts, calculate A(c)and O(c) and export numerical records. Matplotlib was used to visualize
execution-length distributions, representative persistence intervals, checkpoint-dependent
quantities, the late-halting censoring analysis and the representative timing relationship.
Consequently, mathematical operations were restricted to the explicitly defined survival intervals,
their finite restrictions, endpoint observations, equivalence relations and derived descriptive
quantities. The exact comparison T; < c¢, rather than an approximate floating-point threshold on
normalized persistence, was used to determine whether termination was observable at each
checkpoint.

RESULTS

We examined how progressively extending the execution horizon changed the finite
observability of termination and the composition of the unresolved persistence class. Terminating
and continuing trajectories were evaluated across successive checkpoints spanning the full simulated
observation range. Because the principal checkpoint-dependent quantities follow directly from
interval restriction and right censoring, we report their behavior descriptively rather than applying
inferential tests to mathematically imposed monotonic trends.

Execution lengths. Terminating trajectories spanned a broad range of execution lengths,
including deliberately introduced late-halting cases approaching the maximum observation horizon
(Figure 1A). This heterogeneous distribution generated substantial overlap between trajectories that
would eventually terminate and those specified to continue throughout the simulation. At early
observation checkpoints, most terminating trajectories had not yet exposed their endpoints and
consequently displayed persistence intervals extending to the observation boundary, just as the
continuing trajectories did (Figure 1B). As the execution horizon increased, progressively more finite
endpoints became visible and the proportion of correctly identified terminating trajectories increased
accordingly (Figure 1C). By the final observation horizon, every simulated finite endpoint was
contained within the observed execution history. In contrast, trajectories specified to continue
throughout the experiment reached each checkpoint without displaying an endpoint; this behavior
was imposed by their construction and should not be interpreted as finite evidence of mathematical
non-termination. The representative computational-cost relationship shown in Figure 1D was
generated independently from the prescribed synthetic scaling relation and did not contribute to
persistence classification. Overall, the simulations showed that the decisive change in finite
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observational status occurred when an endpoint entered the available execution history, rather than
through persistence duration alone.

Equivalence refinement. Increasing the observation horizon progressively reduced the
population of terminating trajectories belonging to the unresolved observational equivalence class
(Figure 2A). Accordingly, the ambiguity fraction decreased across successive checkpoints while its
complementary observability index increased, reaching complete observability of the simulated
terminating population only when the full finite range had been covered. This refinement did not,
however, provide a criterion for recognizing non-termination. Deliberately late-halting trajectories
were in the unresolved class until their endpoints became observable, reproducing the finite
observational behavior of trajectories specified to continue beyond the same checkpoint (Figure 2B).
The stress test at an intermediate horizon made this ambiguity particularly evident: both late-halting
and continuing trajectories reached the same censoring boundary and therefore had identical
observed persistence despite their different simulated statuses (Figure 2C). More generally, whenever
c<T,

[0:T) N[0 c] =[0:0) N[0 c] = [0 c].
Thus, a classifier receiving only the restricted persistence interval has no information with which to
distinguish delayed finite termination from continued execution before the endpoint appears. The
observed refinement therefore resulted from the progressive disclosure of finite endpoints, while
absence of an endpoint preserved observational equivalence rather than establishing non-
termination.

Overall, we characterized computational observability as a checkpoint-dependent refinement of
persistence-equivalence classes. Increasing the execution horizon progressively exposed finite
endpoints and reduced the unresolved fraction, but persistence reaching an observation boundary
identified right censoring rather than non-termination. Late-halting trajectories provided critical
control: before their endpoints became accessible, their restricted persistence intervals were
mathematically identical to those of trajectories continuing beyond the observation horizon.
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Figure 1. Persistence-based characterization of computational observability across finite execution horizons. A,
Distribution of execution lengths for the 160 simulated terminating trajectories, expressed as the number of
machine steps preceding termination. The logarithmic scale displays the broad range of finite halting times and
the deliberately included late-halting trajectories extending toward the maximum observation horizon of
1,000,000 machine steps. B, Representative persistence intervals for computational trajectories. Terminating
trajectories are represented by intervals ending at their observed halting steps, whereas the 80 trajectories
specified to continue throughout the simulation extend to the observation boundary. Intervals reaching this
boundary are treated as right-censored observations rather than experimentally established infinite intervals. C,
Finite-prefix classification across progressively increasing observation checkpoints. Recognition of terminating
trajectories increases when their finite endpoints enter the observed execution history, whereas trajectories still
active at a checkpoint cannot be distinguished based on persistence duration alone from trajectories specified to
continue throughout the observation horizon. The non-terminating class is defined by construction and does not
constitute a finite empirical demonstration of infinite execution. D, Synthetic computational cost associated with
increasing trajectory length, expressed in machine steps and milliseconds. Values were generated from the
prescribed scaling relation with stochastic variation and are representative rather than measured execution times

or wall-clock performance of a persistent-homology implementation.
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Figure 2. Refinement of computational observability and persistence equivalence under increasing finite
observation. A, Fraction of terminating trajectories whose halting endpoints have not yet become observable at
successive execution checkpoints. These trajectories are the unresolved finite component of the observational
equivalence class because their persistence intervals extend to the current observation boundary. The plotted
percentage corresponds to the ambiguity fraction at each checkpoint, while its complement represents the
fraction of terminating trajectories whose finite endpoints have become observable. B, Number of late-halting
trajectories that are still observationally indistinguishable from trajectories specified to continue throughout the
simulation. A trajectory leaves this unresolved class only when the observation checkpoint reaches its actual
halting step; increasing the observation horizon therefore progressively refines the finite observational
equivalence classes without assigning an infinite endpoint to trajectories that are still active. C, Relationship
between true halting step and longest persistence observable at the 100,000-machine-step checkpoint.
Terminating trajectories whose endpoints occur at or before the checkpoint display their corresponding finite
persistence lengths, whereas trajectories terminating after 100,000 steps reach the same right-censoring ceiling
as trajectories specified to continue throughout the observation horizon. Therefore, the boundary at 100,000
machine steps identifies a finite observational equivalence class containing both delayed finite trajectories and
trajectories operationally assigned to the non-terminating group, with membership determined solely by

information available up to the selected checkpoint.

Conclusions

We asked whether persistence could characterize the distinction between termination and
continued execution within a finite observation window. Our simulations compared 160 terminating
trajectories, spanning a broad range of execution lengths and including deliberately late-halting
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cases, with 80 trajectories specified to continue throughout a one-million-step observation horizon.
We examined their persistence at progressively increasing checkpoints and represented trajectories
lacking an observed endpoint as right-censored. We found that finite endpoints progressively
separated terminating trajectories from the unresolved population, whereas sufficiently late-halting
trajectories shared the same observed persistence as trajectories continuing beyond the checkpoint.
The ambiguity fraction decreased as additional endpoints became accessible, with the
complementary observability index increasing accordingly. However, at any checkpoint preceding a
finite endpoint, restriction of the corresponding interval to the observed domain was identical to that
of an unbounded interval. These results support an interpretation of computational observability as
a progressive refinement of finite equivalence classes rather than as an inference from persistence
duration to eventual termination status. More generally, our findings provide a quantitative
description of how computational uncertainty changes as finite observation is extended.

Compared with approaches attempting to predict termination from execution time, probabilistic
models of halting-time distributions, runtime heuristics, static program analysis, model checking or
theorem-based termination proofs, we address a different mathematical object: the information
content of the observed execution prefix itself. Persistent representations preserve the location of
observed endpoints and make right censoring explicit, instead of assigning a probability to an unseen
future event. The observational-equivalence relation allows trajectories to be grouped according to
exactly what is discriminable at a specified checkpoint, while the associated quotient describes how
this partition changes with observation. Different from conventional barcode analysis, in which
persistence length is usually interpreted as the lifetime of a feature, we explicitly separate observed
lifetime from the unknown location of its endpoint. Therefore, our approach formalizes finite
computational observability through restricted persistence intervals, observational equivalence
classes and their progressive refinement across increasing observation checkpoints.

Our study has limitations. The 240 trajectories were synthetic and the 80 trajectories assigned to
the non-terminating group were specified to continue throughout the simulated horizon rather than
mathematically proved to execute indefinitely. The lognormal distribution of halting times, the
twelve late-halting controls, the selected checkpoints and the one-million-step boundary are
experimental choices that influence the numerical proportions and limit generalization of their
absolute values. Persistence intervals were constructed directly from computational survival; no
simplicial complexes, boundary-matrix reductions, persistent-homology groups or semimodule
decompositions were calculated. Consequently, the term persistence describes just the interval
structure analyzed here and should not be interpreted as evidence that nontrivial homological
information was extracted from machine-state spaces. The ambiguity fraction and observability index
are complementary quantities rather than independent measurements and their monotonic evolution
follows from expansion of the observation window. These scope boundaries leave open whether
richer state-transition representations produce additional observational classes, whether equivalent
constructions extend beyond single execution trajectories and which properties of computational
histories can be extracted without importing information equivalent to a termination decision.

Our approach suggests experimentally testable hypotheses. First, for any ensemble with
empirical halting-time cumulative distribution Fr(c), the observability index should satisfy 0(c) =
Fr(c) and the ambiguity fraction should satisfy A(c) =1 — Fr(c); measured departures would
indicate that the chosen persistence representation contains information beyond endpoint occurrence
or that censoring has been implemented differently.

Second, if halting times exhibit a power-law survival tail, P(T >c) ~ c™%, unresolved

terminating trajectories should scale as A(c) ~c™“

; under an exponential survival law, the
corresponding prediction is A(c) ~ exp (—Ac). These alternatives generate quantitatively distinct
checkpoint profiles while preserving finite-prefix ambiguity at the individual-trajectory level.

Third, any classifier based exclusively on the restricted interval I N [0-c] should assign identical

outputs to a late-halting interval [0-T) with T > ¢ and an unbounded interval [0’ ), because their
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inputs are mathematically identical. A classifier showing reproducible discrimination between these
matched pairs must therefore be using information additional to restricted interval duration.

Fourth, extending the observation boundary from c;to ¢, should resolve exactly the fraction
Fr(c;) = Fr(c;) of terminating trajectories, providing a direct quantitative prediction for
independently generated trajectory ensembles.

Future research could test these relations on executable abstract machines with known analytical
behavior, Busy-Beaver-inspired finite controls, provably looping programs and programs whose
termination can be established independently by formal methods. State-transition graphs could
subsequently replace interval-only representations, allowing directed persistent homology or other
structural descriptors to be calculated and compared with our finite-observation baseline.

At a practical level, explicit treatment of computational censoring could support evaluation
protocols for systems that must decide how to handle long-running processes. Benchmark collections
could contain known terminating cases distributed across very different execution lengths together
with independently certified looping cases, preventing a long runtime from functioning
inadvertently as a class label. The same procedure could be used to audit termination predictors by
reporting performance as a function of observation budget rather than only at a single cutoff. In
automated software testing, unresolved execution could be recorded separately from demonstrated
failure or demonstrated non-termination, preserving the distinction between a resource limit and a
logical result. Formal-verification pipelines could likewise combine finite execution traces with
independently obtained loop invariants or termination certificates while retaining the provenance of
each conclusion. Also, our checkpoint-dependent quantities provide standardized descriptive
summaries for comparing experiments performed under different computational budgets, provided
that the underlying trajectory populations and censoring rules are explicitly reported.

In conclusion, our results show that persistence can describe how computational observability
changes with increasing observation. Finite endpoints progressively resolve terminating trajectories,
whereas computations extending beyond the observation boundary are indistinguishable, regardless
of whether they terminate later or continue indefinitely. This distinction does not solve the Halting
Problem, but shows quantitatively how the boundary between observable and unresolved
computation shifts as execution unfolds.
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Abstract

Chromatin spatial organization is commonly described through compaction, contact frequencies,
chromosome territories, loops and polymer dynamics, yet these measures do not address how nu-
clear confinement shapes accessible genome configurations. We introduce the concept of chromatin
congestion to describe changes in the geometrically, topologically and mechanically admissible chro-
matin configurations within a confined nucleus, integrating directional geometric constraints, topo-
logical obstruction, stochastic exploration, mechanical deformation and long-range dependence into
a common description. We performed stochastic simulations of 480 nuclei across six microchannel
widths from 14 to 4 micrometers, keeping chromatin content constant and quantifying collision-free
path length, locus displacement, topological encounters, curvature, bending work, perturbation
propagation and DNA-damage burden. As confinement progressed, chromatin displacement ini-
tially increased, consistent with exploration of the configurations still available, but declined under
stronger restriction. Topological encounters, curvature and mechanical work increased, while per-
turbations extended across progressively larger nuclear regions and were associated with greater
damage burden. Our simulations suggest that progressive confinement can drive transition from lo-
cally buffered chromatin dynamics to increasingly collective genome behaviour, characterized by
stronger spatial interdependence among genomic regions. Potential applications include microfluidic
migration experiments, single-cell nuclear phenotyping and the integration of imaging, mechanical
and genome-organization measurements.

Keywords: genome; biophysics; mechanobiology; polymer; epigenetics

Introduction

Current models of three-dimensional genome organization describe chromosome territories, ra-
dial positioning, compartments and topologically associating domains shaped by mechanisms in-
cluding loop extrusion, compartmentalization and lamina-associated interactions (Zheng and Xie
2019; Crosetto and Bienko 2020). Specific molecular components modify this architecture: for in-
stance, HP1 regulates clustering, chromosome folding and B-compartment formation (Zenk et al.
2021), while telomeric chromatin adopts distinct compact and open conformations (Soman et al.
2022), loop-extrusion programs influence nuclear morphology (Patta et al. 2024) and transcription-
factor dosage can alter compartments, boundaries and loops (Grant et al. 2026). However, contact
maps and compaction or density measures do not directly quantify the spatial configurations acces-
sible within a finite nuclear volume, whereas computational reconstructions depend on incomplete
observations and experimental resolution. Consequently, confinement, topology, mechanics and sto-
chastic motion lack a common description of how they jointly restrict physically realizable chromatin
configurations. Recent findings emphasize the importance of chromatin’s physical state. DNA struc-
tures can dynamically assemble within confined environments (Agarwal et al. 2021), while distinct
chromatin conformations influence higher-order packing (Soman et al. 2022). Nucleosome geometry
and linker-DNA length can determine interaction networks and material properties of chromatin
condensates (Zhou et al. 2025), while solid-like nucleoprotein condensates can stabilize selective
long-range genomic contacts (Pulupa et al. 2025). Chromosomes can also behave as ionic gels with
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expanded and collapsed states separated by a volume phase transition (Beel, Mattei, and Kornberg
2026). Together with the coupling of genome folding to nuclear morphology (Patta et al. 2024) and
the sensitivity of chromatin architecture to transcription-factor dosage (Grant et al. 2026), these ob-
servations motivate examining how physical and regulatory conditions constrain the configurations
available to the genome.

We introduce the concept of chromatin congestion to describe the progressive change of geo-
metrically, topologically and mechanically admissible configurations under increasing nuclear con-
finement. We suggest combining complementary mathematical approaches, each capturing a distinct
aspect of configurational restriction, including spatial competition, directional organization, topolog-
ical cost, stochastic exploration and perturbation propagation. Incidence and Kakeya geometry could
describe how finite-thickness chromosome segments compete for space while maintaining different
orientations (Guth, Solomon and Wang 2019; Wang and Zahl 2025), whereas knot distortion could
capture the deformation costs imposed by loops and entanglements (Pardon 2011). Propagation-of-
randomness methods could test whether stochastic motion islocal or spreads between interacting
regions (Deng, Nahmod and Yue 2022). Negative dependence could represent competition among
incompatible configurations (Borcea, Brandén and Liggett 2009), while entropy-based sampling
could measure the diversity of accessible arrangements (Oveis Gharan, Saberi and Singh 2011). Log-
concavity could characterize their global organization (Anari, Oveis Gharan and Vinzant 2018) and
spectral independence could quantify how strongly local rearrangements influence distant regions
as configurational freedom decreases (Anari, Liu and Oveis Gharan 2020). Finally, o-minimal geom-
etry could represent biologically realizable chromatin states as a structured subset of all conceivable
configurations (Bakker, Brunebarbe and Tsimerman 2022). Our simulation implements these ideas at
a coarse-grained level by progressively confining nuclei with approximately constant chromatin con-
tent and measuring collision-free path length, displacement, topological encounters, curvature, me-
chanical work, perturbation propagation and DNA-damage burden.

We will proceed as follows. First, we formulate chromatin congestion and its geometric, topo-
logical and probabilistic components. Then, we describe the computational model and progressive-
confinement simulation. Next, we quantify configurational restrictions, mechanical cost and pertur-
bation propagation across confinement levels. Finally, we present the simulated functional readouts
and their relationships with the preceding structural variables.

Methods

We studied chromatin congestion as a progressive restriction of the spatial configurations avail-
able to chromatin during controlled nuclear confinement. We used a stochastic simulation in which
nuclei were progressively confined through microchannels ranging from 14 to 4 um, while chromatin
content was kept constant and nuclear volume varied only modestly. Eighty independent stochastic
realizations were generated at each of six confinement levels, yielding 480 simulated nuclei. We quan-
tified chromatin mobility and configurational exploration, collision-free path length, long-range cou-
pling, topological encounters, local curvature, minimum bending work, and topological and mechan-
ical burden, together with DNA-damage burden. We aimed to determine whether increasing con-
finement produces experimentally distinguishable changes in these properties, revealing how chro-
matin could explore alternative configurations, accommodates spatial constraints locally and trans-
mits perturbations across the nucleus.

Confinement model. Confinement was represented by the microchannel width w, expressed in
micrometres, with

w € {14,12,10,8,6,4} um.
To convert channel narrowing into a continuous congestion variable, we used a sigmoidal con-

trol function centered near the transition between moderate and severe confinement,
1

with

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202608.1673.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 August 2026

w, = 6.8 um, s =0.85 um.

Thus q approaches zero for weak confinement and one for severe confinement. This variable
did not represent a measured biological quantity, rather it served as the latent control variable linking
the imposed geometry to the simulated observables. The nuclear volume was maintained near a con-
stant baseline to separate congestion from simple changes in chromatin abundance. For realization r
at confinement width w, nuclear volume was sampled as

Vr ~ N (505 — 18q(w), 14%) um?>.

Therefore, the mean volume decreased only modestly as confinement intensified. For each

width, 80 independent realizations were sampled,
r=1,..,80,

giving

Nigtal = 6 X 80 = 480
simulated nuclei. A fixed random seed was used to ensure reproducibility across the complete nu-
merical experiment. All subsequent variables were conditionally generated from the same confine-
ment state q(w) so that geometric, topological, stochastic, mechanical and functional observables
were coordinated by a common imposed physical restriction rather than generated as unrelated out-
puts.

Geometric freedom. Local configurational freedom was represented through a collision-free
chromatin path length, defined as the distance over which a coarse-grained chromatin segment could
extend before encountering a geometric or configurational obstruction. The expected free path incor-
porated two components: a nonlinear term representing congestion and a smaller linear term repre-
senting progressive channel narrowing,

u,(w) =1.85 - 1.28q(w) — 0.015(14 — w),
with L measured in micrometres. For each realization,
Lw,r ~ N(.“L (w), O-Lz (W)),
where
o,(w) = 0.10 + 0.04qg(w).

To exclude nonphysical negative lengths, values below 0.22 um were truncated at that lower
boundary,

Ly, = max[L},,,0.22].

This quantity provided the main geometric congestion readout used in panel A. Changes in L
were interpreted operationally as changes in locally available trajectories rather than direct measure-
ment of total chromatin density.

The use of a directional free-path variable was motivated by the geometric principle that the
coexistence of multiple elongated structures with heterogeneous orientations imposes constraints be-
yond volume fraction alone (Guth, Solomon and Wang 2019). In our implementation, we did not
explicitly reconstruct individual Kakeya tube families in three dimensions, but rather the finite-path
statistic acted as a coarse-grained surrogate for the progressive restriction of tube-like chromatin tra-
jectories under confinement (Wang and Zahl 2025). More generally, the set of biologically admissible
configurations could be regarded as a structured subset of the much larger space of mathematically
conceivable conformations, following the regularity perspective provided by o-minimal geometry
(Bakker, Brunebarbe and Tsimerman 2022).

The first technical sequence to assign w, compute q(w), sample V, calculate y;, sample L, en-
force the physical lower bound and retain L for subsequent comparison with stochastic and topo-
logical variables.

Stochastic motion. Chromatin motion was modeled as a non-monotonic response to confine-
ment. The intended behavior was increased exploratory motion under intermediate restriction fol-
lowed by suppression under severe congestion (Deng 2012). For each width, the mean chromatin
locus displacement over 60 seconds was

Uy (w) = 135 + 45exp [— (

2.2

'3)2] —~ 70q(w),
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with displacement measured in nanometres. Individual realizations followed
Mw,r ~ N (uy(w), 142) nm,
and values below 35 nm were excluded by
M,,, = max[M;,,, 35].

The displacement model combined a Gaussian term centered at 8.3 um representing an inter-
mediate-confinement component, with an additional term proportional to q(w) representing the se-
vere-confinement component.

Randomness was introduced independently for every nucleus after conditioning on w, so that
within-condition heterogeneity did not arise from deterministic interpolation (Deng, Nahmod and
Yue 2022). The stochastic step was performed after the free-path calculation, but was not made di-
rectly dependent on the sampled free path. This distinction allowed both variables to respond to
confinement without forcing a perfect correlation between them. The empirical distribution of M,, ,
across all 80 realizations was used at each width, thereby preserving the simulated variability asso-
ciated with chromatin motion (Deng, Nahmod and Yue 2024).

Topology and curvature. Topological burden was represented as the number of encounters or
entanglement-like constraints per 100 um of coarse-grained chromatin centreline. For each confine-
ment level,

ur(w) = 3.1+ 12.5q(w) + 0.18(14 — w),
and the standard deviation changed with congestion according to
or(w) = 1.0 + 0.9g(w).
Individual values were sampled as
Ty ~ N (W), oF (W)
and truncated at
T, = 0.2
events per 100 um. Chromatin curvature was modeled separately but driven by the same confine-
ment state. Its mean was
w(w) =0.42 4+ 0.92q(w) + 0.018(14 — w),
with
o, (w) = 0.055 + 0.04q(w),
and
Kwr ~ N(#K(W)! 0-;? (W)) #m_l-
Values were restricted to
Kyr = 0.1 um™2,

Therefore, the topology-curvature relation shown in panel C was not imposed through a direct
algebraic mapping of T into k. Instead, both quantities were generated independently conditional
on the same confinement state. This preserved stochastic dispersion while producing a population-
level association. Our simulation treated topological encounters as a countable coarse-grained proxy
for constraints such as crossing avoidance, linking, loop interactions or entanglement-like interfer-
ence. Curvature provided the corresponding geometric deformation variable. The numerical con-
struction was motivated by the principle that topological constraints can impose irreducible geomet-
ric distortion, but our simulation did not assign a formal knot type or calculate an exact knot invariant
for each realization (Pardon 2011).

Mechanical cost. Mechanical burden was represented by the minimum coarse-grained bending
work required to sustain a sampled chromatin configuration. The simulated variable was expressed
in piconewton-micrometres and was built to increase nonlinearly when the congestion variable be-
came large,

up(w) = 0.75 + 4.8q(w)*3> + 0.05(14 — w).

Its condition-dependent variability was

og(w) = 0.33 + 0.25g(w),
giving
Eyr ~ N (1), 02 (w)) pN - pm.
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Negative mechanical energies were excluded by
E,, = max|E,,,, 0.1].
The quantity can be related conceptually to the classical bending-energy functional of a semi-
flexible polymer,

B L
2
Epend = E.f Kk (s)* ds,
0

where B is the bending rigidity, L is contour length and x(s) is local curvature. We did not inte-
grate this expression explicitly for a reconstructed polymer chain, because the simulation did not
generate a spatially resolved centreline for every chromosome. Instead, E,,, was used as an effective
minimum work variable whose nonlinear dependence on congestion represented the increasing en-
ergetic cost of maintaining spatially restricted configurations. The exponent was selected to represent
a nonlinear dependence on confinement severity, without assuming a linear relationship across the
investigated range. The condition means and standard errors were
SW

SEM(W) = \/ﬁ’

where s, is the sample standard deviation across realizations at a given microchannel width.

Perturbation coupling. To represent the transition from local to increasingly collective chroma-
tin rearrangements, we introduced a perturbation propagation length P, measured in micrometres.
Its expected value was

up(w) = 0.85 + 5.6 (w)*5,
with variability
op(w) = 0.28 + 0.40q(w).

For each simulated nucleus,

Pyy ~ N (up(W), 0f (w)) pm,
subject to
P, = 0.2 um.

An exponent greater than one was used to model spatial coupling as a nonlinear function of
confinement severity, rather than assuming a linear dependence across the investigated range. This
variable acted as a coarse-grained analogue of an influence radius: a small value represented a per-
turbation absorbed locally, whereas a larger value represented a displacement affecting progressively
more distant chromatin regions. The construction was inspired by the logic of bounded versus in-
creasing long-range dependence (Anari, Liu and Oveis Gharan 2020). Although the simulation did
not explicitly construct a full influence matrix, the corresponding mathematical object would be

oP(X;=1)
vToax,
where X; and X; denote occupation or state variables for chromatin regions. Then, spectral inde-
pendence would be assessed through the largest eigenvalue (Anari, Liu and Oveis Gharan 2020),
Amax (D)-

In our simulation, P, , served as a physical-space surrogate for increasing influence range
(Deng and Hani 2021). The complete realization-level values were retained so that this quantity could
subsequently be related to the simulated functional endpoint rather than treated only as a group-
level summary.

Damage readout. DNA-damage burden was represented as a discrete number of foci per nu-
cleus. Because the outcome is count-valued, we sampled it from a Poisson distribution rather than
from a Gaussian model. The Poisson intensity was linked to mechanical work, perturbation propa-
gation and topological encounter burden,

Awyr = 2.2+ 0.55E,,, + 0.38R,, . + 0.10T,,..

The simulated number of damage foci was then

Dy, ~ Poisson(4,,).

This construction produced non-negative integer-valued outcomes while allowing several up-

stream variables to contribute simultaneously. No additional direct term for microchannel width was
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included once E, P and T were specified, so confinement influenced the damage count indirectly
through the simulated geometric, topological and mechanical state.
A first-order least-squares trend line was estimated as
D= Bo + B1P,

with coefficients obtained by minimizing
480

Z[Di — (Bo + B1P)]?.
i=1

The fitted line was used only as a visualization of the simulated association and not as an infer-
ential model for biological data. No hypothesis testing was performed on the synthetic realizations.

Overall, the final dataset contained for each nucleus: confinement width, nuclear volume, colli-
sion-free path, locus displacement, topological encounters, curvature, bending work, perturbation
propagation length and damage-foci count.

Software toolsv. The simulation was implemented in Python. Numerical sampling and deter-
ministic transformations were performed with NumPy, tabular data were organized and exported
with pandas and all quantitative panels were generated with Matplotlib. The NumPy pseudorandom
number generator was initialized with seed 20260813 to make the 480 realizations exactly reproduc-
ible. No external experimental dataset, image-analysis package, molecular-dynamics engine, poly-
mer-simulation software or specialized chromatin reconstruction package was used in the numerical
experiment.

Results

We report the behavior of 480 simulated nuclei generated across six confinement conditions,
with 80 independent realizations at each microchannel width. Analyses addressed geometric free-
dom, stochastic chromatin motion, topological burden, curvature, mechanical work, perturbation
propagation and DNA-damage burden.

Configurational restriction. Progressive confinement produced marked changes in local config-
urational freedom while nuclear volume changed comparatively modestly, although differences
across confinement conditions were significant by one-way ANOVA (p < 0.001). Collision-free chro-
matin path length progressively decreased (Fig. A), with a significant overall confinement effect and
a significant reduction during the transition from moderate to severe confinement (p < 0.001). Chro-
matin locus displacement followed a different, non-monotonic trajectory, initially increasing before
declining under stronger confinement (Fig. B), with significant differences across conditions (p <
0.001). Topological encounters and median curvature increased with progressive restriction (Fig. C)
and were strongly correlated across individual realizations.

Together, these distributions identify a configurational transition in which declining collision-
free path length coincided with reversal of stochastic mobility and increasing topological and geo-
metric restriction.

Mechanical coupling. Increasing restriction was associated with nonlinear changes in mechan-
ical and collective variables. Minimum bending work increased with confinement (Fig. D), with sig-
nificant differences among conditions and across the transition from moderate to severe confinement
(p < 0.001). Collision-free path length and bending work were strongly inversely associated across
individual realizations (p < 0.001). Perturbation propagation length also increased markedly under
stronger confinement (Fig. E), with a significant overall confinement effect and an inverse association
with collision-free path length (p < 0.001). DNA-damage burden increased across confinement con-
ditions and correlated positively with perturbation propagation length (p < 0.001) (Fig. F).

Together, these realization-level relationships connect decreasing geometric freedom with in-
creasing mechanical expenditure and the extension of perturbation coupling from predominantly
local responses toward larger nuclear regions.

Our results show that simulated chromatin congestion was characterized by coordinated rather
than uniform responses to confinement. Stochastic mobility initially increased and subsequently
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declined, whereas topological encounters, curvature, mechanical work and perturbation range in-
creased as collision-free configurational space contracted. The strongest changes occurred across the
transition from moderate to severe confinement. The association between perturbation propagation
and damage burden further links the modeled loss of local configurational independence with our
functional readout.
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Figure 1. Geometric, topological, stochastic, mechanical and functional signatures of chromatin congestion. The
simulation examines the progressive response of chromatin to nuclear confinement using 80 stochastic realiza-
tions at microchannel widths of 14, 12, 10, 8, 6 and 4 um. (A) Collision-free chromatin path length, expressed in
micrometres, decreases with progressive confinement. It represents the characteristic distance over which a chro-
matin segment can extend before encountering a spatial or configurational constraint, providing a geometric
measure of the progressive loss of locally accessible configurations. (B) Chromatin locus displacement over 60 s,
expressed in nanometres, shows a non-monotonic response to confinement. Initially, moderate restriction in-
creases displacement, consistent with stochastic exploration of alternative spatial configurations, whereas severe
confinement suppresses this mobility as accessible alternatives become progressively exhausted. Boxplots show
the distributions across simulated realizations. (C) Relationship between topological encounters, expressed as
events per 100 pm of chromatin centreline and median local chromatin curvature, expressed in pm-'. Each point
represents one simulated nucleus, with confinement conditions identified according to microchannel width. In-
creasing confinement shifts configurations toward greater topological encounter frequency and larger curvature,
representing the conversion of spatial restriction into topologically constrained geometric deformation. (D) Min-
imum coarse-grained bending work required to maintain the chromatin configuration, expressed in pN-um,
increases nonlinearly with progressive confinement. Mechanical requirements are comparatively limited under
weak and moderate restriction, but increase markedly at the narrowest microchannel widths as low-cost config-
urations become less accessible. (E) Perturbation propagation length, expressed in micrometres, measures the
spatial extent over which a local chromatin displacement affects surrounding chromatin regions. Although per-
turbations are predominantly local under weak confinement, they propagate over progressively larger nuclear
distances as confinement increases, representing increasing collective coupling among chromatin regions when
alternative configurations become restricted. (F) Relationship between perturbation propagation length, ex-
pressed in micrometres and DNA-damage foci per nucleus. Each point represents one simulated realization and
the fitted trend describes the association between the spatial propagation of chromatin disturbances and simu-
lated damage burden. Configurations characterized by short-range perturbations display fewer DNA-damage
foci, whereas increasingly long-range propagation is associated with a greater number of foci. Error bars in pan-
els showing mean responses represent the standard error across the 80 stochastic realizations performed for each

confinement condition.

Conclusions

Distributed under a Creative Com CC BY license.



https://doi.org/10.20944/preprints202608.1673.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 August 2026

We asked whether chromatin congestion can be described as a loss of accessible spatial config-
urations rather than solely as an increase in chromatin density or compaction and whether geometric
restriction can become coupled to topological, mechanical and stochastic changes. Our simulations
compared nuclei distributed across progressively narrower confinement conditions, while maintain-
ing approximately stable chromatin content and nuclear volume. We found that collision-free path
length progressively decreased, whereas chromatin motion showed a non-monotonic response, in-
creasing under moderate confinement before declining sharply under stronger restriction. The tran-
sition from moderate to severe confinement was characterized by pronounced increases in topologi-
cal encounters, curvature, minimum bending work and perturbation propagation length. Still, longer
propagation distances were associated with greater simulated DNA-damage burden. Within the as-
sumptions of our model, these findings are consistent with a transition from predominantly local
accommodation of spatial restriction to increasingly collective responses when the available config-
urations become restricted.

Our approach differs from established methods primarily in what aspect of genome organiza-
tion is quantified. Hi-C and Micro-C measure contact probabilities but do not determine how many
alternative spatial arrangements are physically accessible (Krietenstein et al. 2020; Jerkovic and
Cavalli 2021; Liu, Zhu, and Wang 2024; Yang and Hansen 2024; Zhu, Liu, and Wang 2024). Chromo-
some tracing and super-resolution microscopy reconstruct realized spatial relationships but do not
quantify the configurations excluded by nuclear geometry (Nir et al. 2018; Rajpurkar et al. 2021;
Hafner et al. 2023; Lacen and Lee 2024). Polymer simulations describe possible chain conformations,
whereas molecular-dynamics and coarse-grained models examine how specified interactions and
physical parameters generate particular structural behaviors. In contrast, we focus on the progressive
reduction of the configurational possibilities available to chromatin as nuclear space becomes re-
stricted. Rather than considering geometry, topology, stochastic motion and mechanics separately,
we examine how spatial competition, topological obstruction, configurational exploration and me-
chanical cost change together during the same confinement process. Thus, established approaches
primarily characterize observed or simulated chromatin structures and the mechanisms producing
them, whereas our analysis asks a complementary question: how progressively restrictive nuclear
geometry reduces the range of alternative physically admissible chromatin configurations and
changes the capacity of the genome to accommodate further spatial perturbations.

Our study has limitations. Our simulations are hypothesis-generating rather than reconstruc-
tions of experimental nuclei and model coefficients were not estimated from biological measure-
ments. Absolute values and apparent confinement thresholds should not be interpreted as experi-
mentally established. Because several variables depend on confinement, some correlations may arise
from this shared determinant rather than direct causal interactions. Topological encounters, bending
work and perturbation propagation were represented by coarse-grained quantities rather than ex-
plicit topological invariants, experimentally measured chromatin mechanics or spectral influence ma-
trices. The damage model excludes repair kinetics, cell-cycle state and chromatin composition. We
did not examine DN A without nuclear enclosure, leaving unresolved which predicted behaviors spe-
cifically depend on the nuclear boundary. Whether congestion has a reproducible critical regime, is
reversible or depends on the mechanism of confinement is not tackled. Negative dependence, en-
tropy-based ensembles and log-concavity were used as mathematical interpretations rather than di-
rectly measured properties of the simulated chromatin. Finally, our coarse-grained polymer descrip-
tion does not explicitly include topological friction, which can generate heterogeneous and subdiffu-
sive polymer dynamics (Wang et al. 2026), or cooperative mechanisms capable of producing long-
range extended polymer configurations (Chen et al. 2026).

Our approach suggests experimentally testable hypotheses. First, progressive confinement
should produce a non-monotonic mobility response rather than a simple decrease: in our simulation,
mean 60-second locus displacement increased from approximately 135 nm at 14 micrometres to ap-
proximately 164 nm at 8 micrometres before falling below 100 nm at 6 micrometres. Live-cell tracking
across graded microchannels could test both the existence and position of this maximum.
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Second, geometric restriction should change more strongly than nuclear volume. Between the
widest and narrowest conditions, the simulated collision-free path decreased by approximately 75
percent, while mean nuclear volume changed by only about 3 percent. Three-dimensional chromo-
some tracing could determine whether an analogous disproportion exists experimentally.

Third, mechanical cost should exhibit nonlinear rather than proportional scaling with confine-
ment: simulated bending work increased approximately fourfold between 8 and 6 micrometres de-
spite only a 25 percent reduction in channel width. Measurements combining controlled confinement
with chromatin curvature and nuclear force measurements could examine this scaling.

Fourth, the spatial influence of a local perturbation should expand sharply near severe conges-
tion; simulated propagation increased from approximately 1.3 micrometres at 8 micrometres to ap-
proximately 4.1 micrometres at 6 micrometres. Targeted chromatin displacement followed by high-
speed imaging could directly estimate this length.

Fifth, nuclei matched for DNA content and similar nuclear volume should display different
damage burdens when perturbation propagation differs; in our simulation, propagation length and
damage-foci number showed a correlation of approximately 0.69.

Future empirical research should replace prescribed distributions with parameters inferred from
imaging, micromechanical measurements and chromosome-conformation data. Still, spatially re-
solved polymer simulations could explicitly calculate entanglement, curvature, forces and influence
matrices and determine whether a critical transition persists without imposing its functional form.

Practical applications would depend on experimental validation of these predictions. A conges-
tion-based description could complement conventional nuclear phenotyping by providing measure-
ments sensitive to the capacity of chromatin to reorganize under imposed deformation. These meas-
urements could be incorporated into microfluidic assays of cells undergoing narrow-pore migration,
where nuclear passage can be monitored together with chromatin dynamics and subsequent recov-
ery. The same principle could support comparisons of cells exposed to mechanical compression, al-
tered extracellular stiffness or pharmacological manipulation of chromosome-organizing proteins. In
screening experiments, interventions could be ranked according to their effects on configurational
mobility and recovery trajectories rather than exclusively according to static nuclear morphology.
Congestion-related measurements could also be incorporated into image-analysis pipelines combin-
ing nuclear shape, locus trajectories, chromosome tracing and damage markers at single-cell resolu-
tion, allowing heterogeneous cell populations to be stratified according to their response to controlled
mechanical challenges.

In conclusion, we introduced the concept of chromatin congestion as the progressive restriction
of configurations available to the genome under nuclear confinement. Our simulations connect this
loss of configurational freedom with changes in chromatin mobility, topology, mechanical cost and
perturbation propagation. Our quantifiable predictions provide a basis for testing whether conges-
tion stands for a distinct organizational property of the three-dimensional genome.
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